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Abstract. We show that in the presence of disorder induced by random networks of observers
measuring covariant quantities (such as scalar curvature) (341)-dimensional quantum gravity
exhibits an effective dimensional reduction at large spatio-temporal scales, which is analogous
to the Parisi-Sourlas phenomenon observed for quantum field theories in random external
fields. After averaging over disorder associated with observer networks, statistical properties
of the latter determine both the value of gravitational constant and the effective cosmological
constant in the model. Focusing on the dynamics of infrared degrees of freedom we find that
the upper critical dimension of the effective theory is lifted from D¢, =141 to Do, =3 +1
dimensions.
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1 Introduction

Difficulty of establishing connection between general relativity and quantum mechanics has
puzzled several generations of theoretical physicists starting with Albert Einstein [1]. At
the heart of the problem is perturbative non-renormalizability of naively quantized general
relativity [2, 3]. The theory becomes extremely sensitive to the choice of renormalization
scheme used. This essentially means that the perturbative control over the behavior of the
theory is lost.

This problem resurfaces on multiple levels and within any physical problem involving
counting or accounting for quantum gravitational degrees of freedom. For example, in pertur-
bative calculation of gravitational entropy associated with black hole horizon the numerical
factor in front of the horizon area acquires infinite perturbative corrections (see [4] for the
review). Thus, this prefactor becomes strongly dependent on the choice of regularization



scheme entangling the information loss paradox in quantum gravity [5] with the problem
of its non-renormalizability. In quantum cosmology, where vacuum energy density essen-
tially determines the expansion rate of the spacetime, perturbative corrections to its value
are strongly scale dependent [6]. This implies in turn that even the sign of vacuum energy
density is hard to determine with certainty. Again, behavior of the theory in the quantum
cosmological setup is not controllable in both ultraviolet and infrared limit.

Starting with the Weinberg’s idea of asymptotic safety [7], it has been argued previously
that canonical quantum gravity may be non-perturbatively renormalizable, with a UV fixed
point. Numerical simulations of Regge-Wheeler simplicial quantum gravity (see [8] and ref-
erences below), simulations employing dynamical triangulations [9-11] as well as functional
renormalization group analysis [12] indeed all point towards the validity of this conclusion.!
However, given that gravity is the weakest force [13], relying on the existence of a fixed point
in a deeply UV regime feels unsatisfactory to us. Indeed, changing matter content of the
theory would change in that case the location of the fixed point on its phase diagram possibly
even removing it altogether for a specifically chosen matter content. Addressing the prob-
lem of non-renormalizability entirely within a perturbative domain, even given the extreme
complexity of the problem, thus seems to us a more attractive possibility.

It has also became a common lore that a UV finite theory of gravity such as string the-
ory would automatically guarantee avoidance of the problem of non-renormalizability. For
example, counting microstates associated with extremal black hole horizon in string theory
produces a correct finite answer 1/4 for the numerical prefactor in black hole entropy [14].2
On the other hand, it remains poorly understood (see for example [15]) if superstring theo-
ries provide the unique ultraviolet completion of naively quantized general relativity (GR).
Might there be other UV completions which lead to the same controllable behavior in the
continuum /infrared limit, completions which we are currently not aware of? In the former
case, there should naturally exist a line of arguments which leads to emergence of effective
string theoretic representation of the ultraviolet physics from an infrared effective GR setup.
It would be desirable to demonstrate explicitly how a stringy behavior naturally emerges
from this setup in the UV limit. We believe that the present work identifies a possible new
research line along which such arguments can be obtained.

Namely, here we would like to argue that including “observers” which continuously
measure such covariant quantities as scalar curvature (i.e., essentially probing the strength of
gravitational interaction) and then averaging over disorder associated with a random network
of these observers leads to an effectively de Sitter like behavior of the underlying theory of
quantum gravity. Consequently, deep infrared behavior of the resulting 3 4+ 1-dimensional
theory is effectively reduced to the one of a 1 + 1-dimensional theory. We identify a possible
mapping between degrees of freedom in the original, 3 4+ 1-dimensional theory of quantum
gravity and the ones in the effective 14 1-dimensional quantum theory obtained by averaging

Interestingly, simulations of both 4-dimensional simplicial quantum gravity and dynamically triangulated
4-dimensional quantum spacetime behave differently above and below this UV fixed point. Namely, an IR
phase corresponds to a 4-dimensional AdS-like physics. On the other hand, a UV phase is characterized by a
quasi-2-dimensional, branching polymer-like behavior in the UV phase. While this observation is often used
in the community as a reason to discard results of these numerical simulations — IR behavior of spacetime we
live in is manifestly dS-like rather than asymptotically AdS one — we shall argue below that this difference
in behavior above and below the fixed point is actually physical.

2String theories are UV complete by construction and contain a scalar-tensor general relativity in their low
energy effective actions. In this sense, they represent self-consistent UV completions of the naively quantized
general relativity and guarantee UV completeness for the estimations of quantum gravitational effects.



over disorder associated with the presence of “observers” and taking the long wavelength limit.
The identified mapping is reminiscent of the celebrated Parisi-Sourlas dimensional reduction
known to take place in field theories with global and gauge symmetries in the presence of
random external fields [16].

Finally, we also argue that the effective action of the emergent 1+ 1-dimensional theory
coincides with the Liouville scalar theory, i.e., essentially, the theory of two-dimensional
quantum gravity [17, 18]. This result has a potential to provide the missing link between
naively quantized general relativity and string theory. Importantly, it also explains why
observed dimensionality of spacetime which we live in is D =3 + 1.

We deem these observations generally interesting also because the described setup, quan-
tum gravity with disorder, represents a rare case in theoretical physics when the presence
of observers drastically changes behavior of observable quantities themselves not only at mi-
croscopic scales but also in the infrared limit, at very large spatio-temporal scales. Namely,
in the absence of observers the background of the 3 + 1-dimensional quantum gravity re-
mains unspecified. Once observers are introduced, coupled to the observable gravitational
degrees of freedom and integrated out, the effective background of theory becomes de-Sitter
like. Rather than being a fundamental constant of the theory, the characteristic curvature of
effective cosmological constant is determined by the intrinsic properties of “observers” such
as the strength of their coupling to gravity and distribution of observation events across the
fluctuating spacetime. Physical observers thus play a critically important role for our conclu-
sions implying a necessity of proper description of observer, observation event and interaction
between observers and the observed physical system for theoretical controllability of the very
physical setups being probed.

The text of the manuscript is organized as follows. Section 2 is devoted to a numerical
study of simplicial Regge-Wheeler (Euclidean) quantum gravity in the presence of random
Gaussian field coupled to scalar curvature. We argue that the theory exhibits an analogue
of Parisi-Sourlas dimensional reduction after averaging over quenched disorder associated
with events of gravitational field probing. In section 3 we represent theoretical arguments
explaining results of this study and pointing towards their validity in a continuous Lorenzian
quantum theory. The section 5 is devoted to the outline of obtained results and a brief dis-
cussion of several analogies of phenomena observed here and the ones realized in condensed
matter physics. Finally, appendices include details of numerical simulations of several quan-
tum field theories which we used as a pilot study for the subsequent work on quantum gravity.
They also contain a more detailed theoretical derivation of the results of section 3.

2 Parisi-Sourlas-like dimensional reduction in Regge-Wheeler simplicial
quantum gravity

Following the approach by Regge and Wheeler [19-21, 27, 28], we consider a pure 4-dimen-
sional Euclidean quantum gravity with a cosmological constant.?

3Regge-Wheeler simplicial gravity [21, 28] might very well be a very distant cousin of the naively quantized
general relativity. For example, it is not yet entirely clear if (a) the theory preserves local gauge invariance
in the number of dimensions D > 2 [29], (b) Euclidean setup critical for the theory is sufficient to capture
essentially Lorentzian behavior of true Einstein gravity including, in particular, its gravitational instability, and
(c) the theory actually contains a massless spin-2 particle in the spectrum of its low energy perturbations [30].
However, at the moment it remains the best setup which we can use attempting numerical studies of quantum
general relativity.



We are interested to determine possible changes in behavior of observables of the theory
in the presence of an extra ingredient: von Neumann observers randomly distributed across
the fluctuating spacetime and measuring the strength of gravitational self-interaction [22, 23]
(please see appendix for the discussion). Observational events associated with their activity
can be modeled by the term

VIo(@)R(x) =2 ) dubp Ay, (2.1)

hDx

in the Lagrangian density of the discrete simplicial gravity. In the expression (2.1) the
left-hand side of the equality represents a continuum version of the theory with the scalar
curvature \/gR(z) calculated at the point of spacetime x. The right-hand side represents
a corresponding discretized version with the sum running over hinges of simplices crossing
the point z and serving as building blocks of spacetime. Ay is the area of the hinge, dy is
the associated deficit angle defined according to dp = 27 — > jjocks meeting at o 0 and 0 is the
corresponding dihedral angle. The field ¢ representing von Neumann observers is a source of
quenched disorder in the theory which we consider Gaussian distributed in our simulations.

As was briefly mentioned in the Introduction, since the Regge-Wheeler theory possesses
a UV fixed point in the number of dimensions D = 2,3,4 [21], the problem of comparing
observables in the presence of disorder (2.1) and without it is reduced to the problem of
comparing critical exponents of the theory at the fixed point k = k.. In particular, we were
interested in the dependence of the universal critical exponent v on the background space di-
mensionality. As usual, we define the critical exponent v through the average space curvature

(fd"z\/gR) ~ (ke — k)Pv1, (2.2)

(J dPz\/g)

where k = 1/87G and k. represents the critical point of the theory. Here, the integration
is performed over the D-dimensional spacetime in a particular simplicial realization of the
lattice theory. The average is taken over the statistical ensemble of simplices, i.e., all realiza-
tions in this ensemble. In addition, when observers are introduced, averaging also includes
the one over disorder associated with observers (that is, averaging over the ensemble of statis-
tical realizations of observers). In this sense, the denominator of the eq. (2.2) represents the
D-volume of the spacetime averaged over realizations of both ensembles, while the numerator
— the average scalar curvature. Both integrals are well defined on a finite lattice.

The exponent v is directly related to the derivative of the beta function for the gravita-
tional constant near the ultraviolet fixed point according to 3'(k.) = —v~!. Namely, in D =
2 + € space dimensions one has (assuming free gravity with a cosmological constant) [24—26]

1 3 9 ,

L. S S 2.3
Stk 50¢ 250¢ T (2:3)

vl =B (k) =€+ 262 +.... (2.4)

To approach the problem in question, we have performed Monte-Carlo simulations of
simplicial Euclidean quantum gravity in D = 4 space dimensions on hypercubic lattices of
sizes L = 4 (256 sites, 3840 edges, 6144 simplices), 8 (4096 sites, 6144 edges, 98304 simplices)
and 16 (65536 sites, 983040 edges, 1572864 simplices). In all simulations, the topology was
fixed to be the one of 4-torus. No fluctuations of topology were allowed. The bare cosmo-
logical constant was also fixed to 1 (since the gravitational coupling is setting the overall




length scale in the physical problem). To establish efficient thermalization of the system in
our numerical experiment (in the absence of disorder) we have investigated behavior of the
system at 20 different values of k. For L = 16 hyper-lattice 33000 consequent configurations
were generated for every single realization of disorder, for L = 8 hyper-lattice — 100000
configurations and for L = 4 hyper-lattice — 500000 consequent configurations. Obtained
dependence of the average curvature (2.2) was then fit to the singular dependence on k to
determine the values of critical gravitational coupling k. and the critical exponent v. In
the absence of disorder (setting all couplings to the disorder field ¢y to 0) we found for the
L = 4 hyper-lattice k. = 0.067(3), v = 0.34(5), for the L = 8 hyper-lattice — k. = 0.062(5),
v = 0.33(6) and for the L = 16 hyper-lattice — k. = 0.061(7), v = 0.32(9); a relatively weak
dependence of the fixed point scale k. on L pointed out towards efficient thermalization of
the employed Euclidean lattice system.

We repeated the same procedure for 10000 different realizations of the random disorder
¢ Fitting dependence of the average curvature on k for configurations averaged over disor-
der, we found the value of k. (post disorder averaging) to be k. ~ 0.03 £ 0.12, in principle
consistent with k. = 0 (compare with k. =~ 0.07 in the case without disorder). We have found
that the value v~! = 0.01 £ 0.06 for the L = 4 hyper-lattice, v~ = 0.02 4 0.05 for the L = 8
hyper-lattice and v~! = 0.02 £ 0.04 for the L = 16 hyper-lattice (compare with v=! ~ 3,
which holds approximately in the case without disorder).

In principle, both of these observations (vanishing of k. and v~!) — but especially
the second one — are consistent with a Parisi-Sourlas-like dimensional reduction in the
presence of disorder (2.1). Indeed, it has been argued previously (see for example [30]) that
S ﬁ for large D, while v = oo exactly for D = 2. If an analogue of Parisi-Sourlas
dimensional reduction holds also for quantum gravity, this naturally implies that the upper
critical dimension of gravity (D = 2 in the absence of disorder) is lifted to 4 in the presence of
a random network of von Neumann detectors performing measurements of scalar curvature.?
An effective low dimensionality emerging in simulations of simplicial quantum gravity has
been previously also reported in [28, 31] where it has been argued that the UV phase of
the theory features an effective dimensional reduction with polymer-like behavior of the
correlation functions of observables, while its IR physics is smooth with effectively Euclidean
AdS (EAdS) background. Vanishing of the critical value k. after averaging over quenched
disorder (2.1) would in turn force one to think that the UV phase becomes the only accessible
one across all scales k, naively implying unphysical behavior of the theory in the presence
of quenched disorder. We shall argue in the next section that the observed behavior is fully
physical and, in sense, a natural one which should be expected from the quantum theory of
gravity in the presence of quenched disorder.

Finally, we note in passing that k. vanishing after averaging over disorder in gravity
also seems analogous to a phenomenon which has already been observed in field theories with
quenched disorder: for example, the 2nd order phase transition of Ising model (reduced to
A¢* scalar field theory in the continuum limit) is reached at finite temperature T, in the
absence of disorder and at T' = T, in the presence of random external field [63].

4One can ask what happens in simplicial Euclidean quantum gravity (with a quenched disorder) at D¢, > 4
and at D = 37 If the analogy with behavior of field theories in external fields holds for gravity completely, we
expect the theory of simplicial (D = 5)-dimensional quantum gravity with a quenched disorder to be equivalent
to a 3-dimensional theory without such disorder etc. On the other hand, Parisi-Sourlas correspondence would
break down at D = 3 in a similar fashion as it happens in D = 3 random field Ising model, see discussion in
the appendix. We leave this question to the future study.
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Figure 1. Effective potential V(x) = MZM (1 — exp(—+/2/3x/Mp))? of the scalar mode xy =

V/3/2Mp log (1 + %), where M = A*I/QMP, related to spacetime curvature in the Jordan frame.
After averaging over quenched disorder, all not-trivial correlations of gravitational degrees of freedom
are represented by correlation functions of x.

3 Physical origin of possible Parisi-Sourlas-like dimensional reduction in
Lorenzian quantum gravity

The observed effect of dimensional reduction in Regge-Wheeler simplicial quantum gravity
can be understood (and possibly explained) using the following theoretical arguments.

The continuum limit of the theory (2.1) (assuming that it exists) is expected to corre-
spond to a scalar-tensor Euclidean gravity, where the “dilaton” field ¢ is sufficiently massive,
so that its arbitrary configuration in the world volume of the theory can be considered a
quenched disorder. The physical idea here is that observers/detectors have a “lifespan”
much shorter than the deep infrared scales which we are interested in. Thus, they can be
considered as point-like observation “events”. The distribution of these “events” is given by
the statistical properties of the field ¢ fluctuating across the spacetime. Averaging over the
associated quenched disorder (i.e., over the distribution of ¢), we essentially assume that ob-
servers exchange information between each other, and these information exchange processes
again happen at time scales much shorter than the infrared scales of interest. Given that, for
any given observer the measurement of the gravitational field strength is Bayes-conditioned
on the results of similar measurements by other observers in the network. In this sense,
the states realized in the effective theory obtained by averaging over distribution of ¢ are
“consensus” states.

If the disorder associated with observers is Gaussian, the partition function of the con-
tinuum version of the theory is then given by

2
Z = /Dgf)/g‘]qcexp (-/d%\@ ((M?D SR+ i)) (3.1)

where the integration measure in the path integral over space metric g is assumed to be
invariant with respect to arbitrary diffeomorphisms (hence the division by the volume of
Diff group Df) and the parameter A determines the width of the distribution of the field ¢
describing observers. Note that the field ¢ has the dimension of mass squared, so that the
parameter A is dimensionless.



Integrating over all possible realizations of ¢ and performing analytic continuation to
spacetimes with Lorentz signature,® one obtains an effective f(R)—theory of gravity with
partition function Z ~ [ %gcexp(—z’fd‘lx\/—gf(R)) and

2
f(R) ~ M2R + Af . (3.2)

(As an interesting digression, we note that one does not really need to introduce the “bare”
gravitational interaction coupling Mp at all if ¢ has a non-zero average over configurations
of ¢; in the latter case, the effective Planck constant simply reads M]%’eff = (¢).)

This theory manifestly admits de Sitter-like solutions for all possible values of its pa-
rameters [32]. Such solutions represent dynamical attractors in the phase space of the theory.
Indeed, switching from the Jordan frame to the Einstein frame in the f(R)—theory of gravity,
one finds that the theory (3.2) is effectively equivalent to a theory of gravity coupled to a

scalar field
AR

where R is the scalar curvature of spacetime in the original f(R)-theory. As always in analysis
of an inflationary theory, we are interested in the case of super-Planckian y, meaning that

2
% < Rk M}% (i.e., the dimensionless parameter A is very large, so that the distribution
of couplings of gravitational detectors to R has a single narrow peak).
The potential of this effective scalar field in the Einstein frame is given by [33-37]

4
SLE (1 exp(—/2/3x/Mp) . (3.4)

which reduces to the potential of chaotic inflation at small y < Mp and a potential quickly
approaching a constant asymptotics at x > Mp. In the regime of interest A > 1 the energy
scale is well below Mp.

We also note that the case x < 0 corresponds to an anti de Sitter-like regime with
(R) < 0 in the Jordan frame, while the regime x > 0 — to a de Sitter-like physics. For
X < 0, |x| > Mp corresponds to a collapsing solution in the Einstein frame but anti-de
Sitter physics in the Jordan frame with R bounded from below by MI% /A. Again, physics of
the system interestingly depends on the statistical properties of the distribution of observers
and observation events in the spacetime. Both the effective value of the Planck constant
(M% ~ (¢)) and the one of the effective cosmological constant are determined by statistical
properties of the observer networks in this model.

Focusing attention to the case in question with xy > 0, we would like to integrate out
sub-horizon fluctuations of the effective field x (such fluctuations can be considered Gaussian
in the first approximation due to applicability of EF'T approximation for gravitational degrees
of freedom in the UV). Once sub-horizon physics is integrated out, one arrives to the physical
picture of an inflationary self-reproducing universe. The only survived “coordinates” here
are the number of inflationary efoldings (log of scale factor) and an effective scalar field y
(essentially, a log of scalar curvature in the Einstein frame). In this sense, the originally
(3 4+ 1)-dimensional theory becomes effectively 2-dimensional in the infrared. Let us show
in details that this is indeed the case using stochastic inflationary formalism [38-49] and

V(x) ~

®The question how such analytic continuation should be performed technically is far from trivial. Here for
the sake of simplicity we shall follow the naive prescription for the Wick rotation t — —it.



ignoring gravitational vector and tensor modes which do not contribute to quasi-de Sitter
gravitational entropy [50] and thus do not influence strongly infrared dynamics of the theory.

Namely, separating the field y into the subhorizon and superhorizon parts, one can
write:

(. 2) = x1r(t @) + (2;)3/2 / &k - 0k — eaH) (apdp(t) exp(—ikz) + hoc) + 5. (3.5)

Here a(t) is the scale factor of de Sitter spacetime, H is the corresponding Hubble constant,

6(...) is the Heaviside step-function, the modes ¢y (t) = \/%(T — %) exp(ikT) correspond to

the Bunch-Davies de Sitter invariant vacuum of a free massless scalar field, 7 = [ % (in
what follows, we will be working in the uniform N-gauge), € is a small number such that
€ < 1 (which determines a notation for separating superhorizon modes from the subhorizon
ones) and dy can be neglected in the leading order with respect to H/Mp i.e., when slow
roll parameters remain small. This correction encodes the difference between the univorm
N gauge and the spatially flat gauge used to derive the correlation properties of the noise
f(r,z) below [51]. Substituting this decomposition back into the equation of motion for the
field x on de quasi-Sitter background, one obtains the equation for the infrared part of the
field x1r:

dXIR _ 1 dv f(Ta l’) (3 6)
dr  3H2dxigr H ‘
where a composite operator
eaH 1)H . )
flr,z) = 2n)i /d3k: O(k —eaH) - \([133/2 {ak exp(—ikx) — a;i exp(zkx)]
has the correlation properties
H4
<f(7_7 l‘)f(T/, $)> = 4771_25(7— - 7-/)7

if the average is taken over the Bunch-Davies vacuum state. Another very important prop-
erty of this operator is that its self-commutator vanishes, and thus the equation (3.6) can
be considered a stochastic differential equation for the quasi-classical but stochastically dis-
tributed long-wavelength field xrr (from now on, we shall drop the index I R always implying
that the infrared, superhorizon part of the field x is considered).

One then obtains an effective Fokker-Planck equation (see for example appendix D)
corresponding to the Langevin equation (3.6) for the probability P(7, x) to measure a given
value of the background/infrared scalar field x in a given Hubble patch:

oP 1 & Mpa(1dvp>

e = % wvp - .
ot 3mM3 0x? (VP)+ 8t Ox \V dx (3.7)

where ~ implies that the equation (3.7) by itself is an approximation (we made a number
of simplifications during its derivation such as neglecting the subdominant contribution
in the expansion (3.5), assuming slow roll of the field x and neglecting self-interaction of
the field x at subhorizon scales). We expect that the eq. (3.7) holds on average and only
approximately, and model it by including an additional term F'(7,x) to its right-hand side,
again quasi-classical but stochastic (see the next section):

oP 1 0 MP8<1dV) F

- T wp - Yp
or  3mM3 8X2(V )+ 8t Ox \V dx



Taking into account the smallness of this term, assuming its Gaussianity
(F(r,)F (7', X)) = Ad(r — 7)6(x — X)

and integrating it out, we finally conclude that the infrared dynamics of the theory (3.1) is
being essentially determined by the partition function

Zin = [ DPexp(-W),

where the effective action W of the theory is given by

1/ oPp 1 & Mz o (dv \\
W:/d dy—= | —-——=— 4+ ———(VP)+ =L — (P) : 3.8
TXY < or + 37rM12;,3x2( )+ 8m dx \Vdy (3:8)
It is now instructive to use the de Sitter “entropy” S defined according to the prescription

P(7,x) = exp(S(7,x)) instead of the probability distribution P. One motivation for this
substitution is the fact that the distribution function P(7,x) converges to

1 3M3
PT = 00 X) ~ g o <8v<§>>

in the limit 7 — oo, where the expression in the exponent coincides exactly with the gravita-
tional entropy of de Sitter space.’ As we shall see below, there are other advantages of using
S instead of P.
One finds after the substitution
2V M3

e | 08 V
= [drax (S |52 L (1ogV))S + ...
Y TX( [ or " 3rhME 3oar3 s (08V))E

A
2
- 5) , (3.9)

where prime denotes partial differentiation with respect to the field x. The appearance of
the last term is due to the Jacobian in the measure of functional integration emerging after
the change of functional variables.

Substituting the particular form of the potential (3.4) of interest for us to the expres-

sion (3.9), we obtain
e (08 MP\FaS 2\’
S R R i 1
A < 8T+ 47 3Z8X 6 + ’ (3.10)

where z = exp (—\/EMLIJ In the quasi-de Sitter limit S = Sy + .9, 65 < Sy, the potential
term in this action coincides with the one of a Liouville-like theory of the “field” S in a two-
dimensional spacetime spanned by the coordinates (7, x), i.e., the two-dimensional theory of
quantum gravity [17, 18] with the “field” S playing the role of the conformal mode of the
2-dimensional spacetime metric.

(S"+(5')%) +(

v MZ(log V)"
27TM123 8

( )

W = [ drdx

SGenerally speaking, this holds only for potentials V() positive for any value of x. For the potential V()
depicted on the figure 1 this is not the case: as x — 0, slow roll approximation breaks down, and inflation
ends, which makes the distribution function P(7,x) non-normalizable, with P — 0 as x — 0.



In other words, in the absence of anisotropic stress covariant observables in quantum
gravity can be expressed in terms of correlation functions of the scalar curvature (in one-to-
one correspondence with the scalar degree of freedom x in the Einstein frame) according to
the prescription

(x") ~ <(Mplog( ) /dx X /DSexp (3.11)

where the effective action in the path integration (3.11) is given by the expression (3.10).
Therefore, the limit loga — oo of the integrand in eq. (3.11) can be thought of as a ground
state of the theory of gravity (3.2).

To formalize the map (3.11) a bit clearer, we can write averages of any observable (O)(t)
at the time t ~ H~1log(a) as

= [axot P(x), (312)
where the partition function P satisfies the Fokker-Planck equation
E(P,d,P,x) = —-P+ HP =0. (3.13)
We thus have a chain of transformations
0= [0 POt = [dxOK) [ DPPOHIEP. 0PN (314)

where the Jacobian for transformation between E and P is disregarded for simplicity. The
functional delta-function in the last integral on the right is effectively regulated by the small
parameter A — 0 according to

6[E(]3,V]5,X H(S( P(t,x), 0y P(t, ), ) H5( Vp(x),x))

:exp — Z/dQ:c EZ(VP(m),VP(IL'),X)>. (3.15)

Here we introduced 2D coordinates (zg,z1) = (log(a),x), and V = 0y, d; collects all 2D
derivatives. Thus we have (dropping bar over functional integration variable P)

©C)0) = [ DP exp (= 5 [ EX(VP@).TP@).x) [ dx O Plx.1)

= [DP e (-5 [Ee (TP, TPE)N) [EyOW") PW)IG 1),

The probability P to measure a given value of x in a given Hubble patch is then re-
parametrized as P ~ exp(S), and S become the field variable of interest for us. (Note
that in the quasi-de Sitter limit S coincides with the gravitational entropy of de Sitter space
in the limit log(a) — 0.) The mapping dictionary of duality between 2D side and 4D side
for the action in quantum measure and for observables of interest is then defined according
to the prescription

exp /d2m E*(VP(z),VP(z), )) & exp ( — Polyakov action) (3.16)

o) & [dyow") Pw)se’ -1, (317)
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The physical reason why the dimensional reduction has effectively realized in the the-
ory (3.2) and its analytic continuation to Lorentzian spacetimes is simple. Once the dy-
namics of relevant degrees of freedom is coarse-grained to comoving spatio-temporal scales
~ Hy L'~ A71/27 the global structure of spacetime is represented by a set of causally un-
connected Hubble patches. Expectation values and correlation functions of the field x are
determined by a stochastic process generated by the Langevin equation (3.6). The values of
x in different Hubble patches are completely independent of each other, and thus the spatial
dependence of x becomes largely irrelevant.

We have argued that the 4-dimensional gravity with a quenched “dilaton” x becomes
reduced to an effectively two-dimensional theory in the deep infrared limit (of large spatio-
temporal coarse-graining), where coordinate mapping of the fluctuating spacetime is given
in terms of the number of efoldings 7 = loga and the effective scalar degree of freedom
x related to the large-scale curvature of spacetime in the Einstein frame according to the
prescription (3.3). We emphasize that the physical scales at which this description becomes
efficient coincide and exceed the scales of eternal inflation from the point of view of a subhori-
zon observer, thus effectively regularizing the structure of the theory in this deep IR limit.
Tensor and vector degrees of freedom present in the metric for the subhorizon observer are
effectively integrated away and do not contribute to the infrared structure of the correlation
functions of observables in the theory. When the probe scale approaches the cosmological
horizon scale, this effectively 2D physics has to be matched to an effective 4D field theory
description of gravitational degrees of freedom. It is quite clear from the setup how it has
to be done physically. Namely, effective subhorizon 4D degrees of freedom including vector
and tensor ones are propagating on the stochastic background with large scale statistical
properties effectively determined by the Liouville physics described above.

4 Fokker-Planck equation and its extensions in the two-noise model

In this section, we shall derive the effective action (3.8) used above, albeit in a schematic
fashion, and estimate dependence of the parameter A in (3.8) on § and slow roll parameters.

As was discussed previously, the inflationary Fokker-Planck equation holds its canonical
celebrated form (3.7) only in the regime 6 — 0, e — 0, which does not necessarily hold any-
where except very close to the de Sitter spacetime geometry. Moreover, even for geometries
globally close to dS; one might be interested in behavior of the IR effective theory under
different values of parameter § separating IR and UV physics. At this point, one would only
be aware of the fact that the theory approaches the regime A — 0 with Fokker-Planck-like
dynamics of P(x,N) at § — 0, which is entirely independent of 4. In short, we would like
to derive extension of this equation which would hold to first order in slow roll parameters
€rr, N and, ideally, to order in ¢ higher than first.

First of all, one notes that the one-noise stochastic model for the infrared dynamics of
the scalar field in the inflationary spacetime (3.6)—(3.7) cannot be used for this derivation
as it produces manifestly non-local results, see appendix E. This non-locality stems from
the presence of additional degree of freedom which is integrated out to obtain the effective
theory (3.6)—(3.7) in the case of generic ef, §. It can be shown that this degree of freedom

"As we are interested in the continuum limit of the theory (2.1), it is natural to study exactly this case.
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can be accounted for if we consider a two-noise model similar to the one introduced in [40]:

% = % +o, (4.1)
% = —3v— ngg +7, (4.2)
where
N,x H 2(5];/2 0(k —daH) (akme_ikx + h.c.) (4.3)
T(N,x H 2671:)];/2 0(k —daH) (akd.)kefikx + h.c.) (4.4)

The expressions for the modes ¢, ¢k have to be derived under assumption of finite (but
small €7). Importantly, to the first order in small roll parameters we can keep €y constant
(see appendix E). The equation for the modes ux = a¢y then has the form

_n 2 a” 2 2 _n 2 m2 2 2
O=wup+ (k" — —+ma” ) up =up + | k* — 2—eH—m H?a” |, (4.5)
a

where m is the effective mass of the scalar field. To the leading order, we have ep ~ and

3H2’
thus 2—5H—2—§ ~ 2—4eg = 2(1—e€p). One the other hand, again, a ~ ——(1+6H)+O(6H)
and we finally obtain that (to the leading linear order in slow roll parameters err) the field
uy, satisfies the free massless field equation

2
ufl+ <k:2 - H2n2> o0, (4.6)

with its properly normalized solution given by

u(n) = —J}k (1 - ,m) exp(—ikn) + O(€}). (4.7)

Thus, to the first order in e the mode ¢y, is given by

H(l—i—eH)
V2k

Differentiating this expression with respect to world time t = [ % we find

Onn) = (0= 1) exp(=ikn) + O(ch) (48)

d¢k(77) _ ikHzT/Q —ikn EHHQ o 7 —ikn
TR e N ( k:) + O(e). (4.9)

The correlation functions of the noise terms o(/N) and 7(NV) (as usual, we are interested
only in the behavior of correlation functions in the same Hubble patch parametrized by the
same “coarse-grained” spatial point x) are in turn found to be

(o(N)o(N")) ~ 5;6(N N (1 + 3ey + 52) : (4.10)
(r(N)7(N')) ~ 5if4a(zv N') (8% + 2en) (4.11)
(1(N)o(N")) ~ 6(N — N')-— i’ 5 (em + 62 —ieyd) (4.12)

472
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(the latter two correlation functions vanish in the limit § — 0), and the correlation function
(c(N)T(N")) is related to (4.12) by complex conjugation. Mixed 7o correlators also end up
suppressed by either powers of § or €. Note in this respect that one has to be careful taking
one of the limits § — 0 or e — 0 first (compare for example to [40]). Two limiting cases are
of special interest:

(a) Quasi-de Sitter limit. ey < 62 < 1, the case considered in the appendix E with ez
negligible but keeping all orders in ¢

}{2
(o(N)a(N)) (1 +8)3(N = N'),

4 174
(r(N)r(N) ~ L 6(N = N
27173 i
(VYo (V) ~ THA A1) 5y

472

and

(b) “Deep IR physics” or Nambu-Sasaki limit. 62 < ey < 1:

}{2
(e(N)o(N') ~ 5 (1+ 3em)d(N = N'),
26 4
(r(N)7(N")) ~ %wv —~ N') =0,

/ egH? '
(r(N)o(N')) ~ = 5-6(N — N')

While both cases are very illustrative and somewhat similar (specifically, in the regime
d < 1), here for our purposes we will focus on the first one, in which functional integra-
tions are simplified greatly. The opposite case (b) is considered in relative depths in [40]
and will be discussed in more details in a subsequent work.

To derive the Fokker-Planck equation and corrections to it, we follow the path integral
approach outlined in the appendix D. It can be seen easily that the diffusion matrix associated
with the correlation properties of the noises is singular in the quasi-de Sitter limit (a), and
the functional integration measure for the noise terms has the form

1
Zrnoise = / DoDT exp <—2 / dN ffD=1 f) , (4.13)
where
H2(1+62) H35%(1+40)
’7'I'2 7T2
D= <H36é(1—i6) 6%H4 ) (4.14)
472 472

and fT = (0,7). The matrix D is manifestly singular, and the noises ¢ and § are correlated.
Calculating eigenvectors and eigenvalues of the matrix D, we find that
i8>

=-—Ho—— 4.1
T Ui—{—&’ (4.15)

while the non-trivial contribution into (4.13) is given by the combination H 17 + i(%%i)a.

Since the matrix D is singular only in the limit of vanishing slow roll parameters e — 0,
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it should be kept in mind that its eigenvector corresponding to the zero eigenvalue really
introduces a constraint on the dynamics of v and ®.

The correlation functions of ® and v can in turn be obtained by integrating over the
measure

F= /DUDTDUD@D)\D,LL exp (/ dN <i)\ <0v + 3v+ oV/o® — 7') +

ON H
. (0P w
+ o (a]\[ - E - U))) Znoise-

As all integrations (with the exception of the integration over ®) are Gaussian, they can be
explicitly taken revealing

(4.16)

F = /D@Dvexp(fS),

1 272 1446 /0P v
s= fave=s [0 g (e (v )+

H\oN """ Hod)) -

On top of this effective action there is a constraint present in the system (the one corre-
sponding to the vanishing eigenvalue of the matrix (4.14)):

where

(4.17)

52 o v 1 /0v 10V
— =)= — 4.1
1—i6<8N H) H<6N+3”+Ha¢>> (4.18)
Solving it for g—%’, — 4 and substituting back into the action (4.17), we obtain the effective
theory of the field v:
212K ([ Qv 1 V2
Z = | DvD® —— | == —— 4.1
/ v exp( 7L <8N+SU+H8<I>>>’ (4.19)

where K = (1 +62)2/(6% - (14 62 + %)) (in this representation, ® is considered an external
field which we average out).
The conjugate momentum for the field v is given by

72K [ Ov 10V
. 19V 4.2
Po = g (aN+3“+Haq>) (420)
and the Hamiltonian of the theory (4.19) is
H* 1
Hy = ——5—p2 — 3v — LoV (4.21)

The Fokker-Planck equation for the probability P(v, N) to measure a given value of v in
a given Hubble patch is then obtained by writing down % = Hy(py,v)P(v, N) and
promoting conjugate momentum p, into a differential operator according to the usual pre-
scription p, = —0,, see appendix D.

An important conclusion is that the theory with the Hamiltonian (4.21) is generally
unstable, with a run-away behavior of the probability P(v, N). It can be shown that this

conclusion survives in the general case, independent on relations between ey and § (as we
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shall demonstrate in the follow-up work): namely, the run-away behavior is associated with
the behavior of the probability distribution P as a function of p,, while its behavior as a
function of pp and ¢ remains stable. This is a reflection of general instability of de Sitter
space [52]. One and perhaps the only way to deal with this instability is to set a general
constraint p, = 0 (i.e., to choose initial conditions for the physical system in this rather
special way). Then, from the constraint (4.18) we obtain
0P
=H_—— 4.22
Y= HoN (422)
and substituting it back into the effective action of the theory (4.17), we finally obtain the
theory with Langrangian

o2 G, 0P b 1 0V\?
E=ma ey <8N <H8N> TN T HB@) : (4.23)

It is then straightforward to show that the theory (4.23) produces the canonical Starobinsky-
Fokker-Planck equation with a singular correction ~ Ad(® — ®’) originating from the first
term in parentheses in (4.23) and A ~ H2,

5 Conclusion

Numerical and theoretical analysis of non-renormalizable field theories and 4-dimensional
quantum gravity performed here shows that introducing a network of observers distributed
in the world volume of the theory and continuously measuring scalar curvature leads to a
drastic non-perturbative restructuring of the Hilbert space of the underlying theory signifi-
cantly changing its infrared structure. Perhaps, most importantly, integrating out observers
induces a de Sitter-like background of the theory. This in turn completely determines the
infrared structure of correlation functions of physical observables. Moreover, introducing ran-
dom ensembles of observers renormalizes the gravitational constant as well. Namely, while
the magnitude of the cosmological constant is determined by the standard deviation of the
observer coupling to the scalar curvature across the ensemble, the renormalized Planck mass
squared is proportional to the average observer coupling to the scalar curvature, where the
corresponding average and standard deviation are calculated using the distribution function
of observer couplings. Thus, the induced cosmological constant and the gravitational con-
stant are determined by the properties of observers — the distribution of observation events
in the world volume of the theory and coupling strength between observers and gravitational
degrees of freedom.

On the one hand, restructuring of the Hilbert space of the gravity coupled to observers
is similar to the phenomenon of Anderson-like localization in disordered media. On the other
hand, it is characterized by an effective dimensional reduction close in spirit to the celebrated
Parisi-Sourlas dimensional reduction observed in several field theories in the presence of
random external field (such as continuum limit of RFIM — random field Ising model).

In the case of gravity, this Hilbert space restructuring can be roughly characterized as
follows. It is known by now that 4D simplicial Euclidean quantum gravity admits a UV
fixed point at a particular value of G. = 1/(87k.), with a UV, strongly coupled phase at
k < k. and an IR, weakly coupled phase, which is realized at & > k.. The strongly coupled
phase admits a 4-dimensional Euclidean Anti de Sitter like behavior of the ground state of
gravity (i.e., expectation value of the scalar curvature remains negative in this phase) and a
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non-trivial infrared dynamics of correlation functions of observables. On the other hand, the
weakly coupled phase (which should be the one of physical interest as the real world gravity
is weakly coupled!) seems to feature a quasi-2-dimensional branching polymer-like behavior
without any smooth background geometry in the IR. This was previously interpreted as
an absence of a proper continuum limit of the theory in this regime. Instead, we believe
that this behavior is physical: in the weakly coupled regime the ground state of the theory
admits a dS-like physics, and a 2-dimensional branching polymer, self-reproducing behavior of
observables is really nothing but a Wick-rotated equivalent of the eternal inflation happening
on this dS-like background.

Quenched disorder associated with random networks of observers measuring the strength
of gravitational interaction clears up the mist somewhat in this respect: it seems to move
the critical point of the theory towards k. — 0 implying that the only accessible phase of the
theory is the one of weakly coupled gravity. Our theoretical analysis further shows that the
nature of the effective dimensional reduction (4D — 2D) in the presence of quenched disorder
is associated with the fact that infrared dynamics of observables in the eternally inflating
Universe is determined by the probability P(x,log(a)) = exp (S(x,log(a))) to measure a given
value of the effective “inflaton” y in a given Hubble patch. In other words, all correlation
functions of physical observables are entirely determined by the structure of P(x,log(a)).
We find this observation rather interesting.

The discussed phenomenon might also explain what should really be understood by the
“continuum limit” of non-renormalizable quantum gravity. Indeed, it is generally accepted
that the formal continuum limit of non-renormalizable quantum field theories (including in
principle 4-dimensional quantum general relativity, which might be non-perturbatively renor-
malizable) does not exist. Nevertheless, it is still possible to make a number of conclusions
regarding the physical properties of such theories in the large-scale/infrared limit. To a de-
gree, the way how to do it can be understood using the correspondence between relativistic
quantum field theories and the corresponding statistical classical field theories obtained from
the former by Wick rotation [53]. According to this correspondence, the classical statistical
counterpart of a renormalizable quantum field theory describes behavior of the order param-
eter of a classical statistical system in a vicinity of a second order phase transition. At tem-
peratures close to T, the correlation length £ ~ |T"— T,|~* of the relevant degrees of freedom
approaches infinity, which makes it possible to describe correlation functions of observables
in terms of a small number of continuous order parameters only. Similarly, the statistical
physics counterpart of a non-renormalizable quantum field theory describes a vicinity of a
first order phase transition, when the correlation length & of physical degrees of freedom re-
mains finite at all accessible values of thermodynamic potentials. The process of measuring
the physical state of the field in an equivalent QFT can be thought of as an insertion of a pro-
jection operator in the world volume of the theory at a point of spacetime, where and when
the measurement /observation is performed. In the statistical mechanical counterpart, such
insertion is akin to an introduction of a heavy, “quenched” impurity in the spatial volume of
the classical thermodynamic system, with elementary excitations of the order parameter(s)
scattering against it. It can thus be expected that the network of von Neumann observers
in a QFT is reminiscent of an ensemble of impurities introduced into the classical system
described by a statistical counterpart of the theory. It is well known that in the vicinity
of a first order phase transition, such impurities serve as nucleation centers for bubbles of
the true phase [54]. When coupling constants of the von Neumann detectors to the field are
sufficiently large, bubble nucleation process proceeds ad infinitum in a quasi-continuum limit
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T — T,. Correspondingly, in a QFT, the vacuum state remains largely inhomogeneous even
in the limit of Langevin time 7 — oo; the resulting state is also strongly dependent on the
particular location of inserted operators describing observation events. Thus, the structure
of the Hilbert space of a non-renormalizable quantum field theory is largely determined by
“localization properties” of the effective potential of impurities inserted into an equivalent
statistical mechanical system.

To conclude, two observations presented here point out towards a possible 4D — 2D
dimensional reduction of quantum gravity (at least in the infrared) in the presence of random
networks of observers: (a) lattice simulations of simplicial Regge-Wheeler Euclidean gravity
in the presence of disorder showing that after averaging over such disorder the critical ex-
ponent(s) of the theory change as if the effective dimensionality of the theory changes from
D =1+4+3toD =1+1, and (b) theoretical analysis of quantum (Lorenzian) general rel-
ativity in the presence of quenched disorder. Although these two separate approaches lead
to the same conclusion regarding the physical system in question, ultimately only numerical
simulations Lorentzian quantum gravity will allow to reconcile the two approaches. We hope
to return to this subject in our future studies.

A Notes on von Neumann observers

Our notation of a physical observer is similar to the one used by Unruh [22] and DeWitt [23].
Namely, in field theoretic setups discussed below we assume that the detector is moving
along a world line z = z(7), where 7 is its proper time, and interacting with the physical
field as described by the monopole interaction term in the Lagrangian of the joint system
“detector-field” I(7)¢(x(7)) (note that the monopole coupling strength I of the detector to
the field ¢ might itself depend on the proper time of the detector). In the case of gravity, we
consider a similar interaction term coupling the monopole detector with the covariant term
in the Einstein-Hilbert action, e.g., Ricci scalar, writing this interaction term as I(7)R(x(7)).
Further, since we are interested in extremely long spatio-temporal scales (possible infrared
limit of the theory), we assume that the lifetime of any particular detector, i.e., the proper
total length of its trajectory L = [ dr is much shorter than any physical scales of interest.
Thus, world lines of monopole detectors can be essentially represented by delta-functions in
the world volume of the theory. In the main text, we consider the situation when a large
number of such detectors is placed in a world volume of the theory, characterized by varying
strengths I(z). The random ensemble of the monopole coupling strengths I(z) of these
detectors can be essentially considered as a single “frozen” realization of a scalar field, which
we denote in the text as ¢. Finally, we allow detectors to “consciously” exchange information
about the measurements of the Ricci scalar between each other and can thus average over
realizations of ¢ assuming ergodicity of their distribution in the spacetime (i.e., assuming
that the average over realizations of the field ¢ is equivalent to the average over the 4-volume
of the theory); in this sense, we denote these detectors as von Neumann-Wigner observers.

B Parisi-Sourlas dimensional reduction in non-renormalizable field theo-
ries in the presence of observer networks

Quantum gravity can be thought of as a “quantum field theory” with an infinite dimensional
gauge symmetry (Lorentz groups of local coordinate transformations in every point of space-
time) [2, 3]). It naturally makes sense to consider simplified models of the same phenomenon
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which we described above by making dimensionality of the symmetry group finite and recall
how Parisi-Sourlas dimensional reduction (due to the presence of random observer networks)
emerges in the class of theories with finite-dimensional symmetries.

The first analyzed model of interest is a non-renormalizable scalar field theory with Z5
global symmetry in D = 5 and 6 spacetime dimensions, with the Lagrangian density of the
form £ = %(EM))Q — %m2¢2 — %)\gqb‘l — ..., where ... denotes higher-order terms in powers
of the scalar field ¢ and its spacetime derivatives 9. It is well-known that this theory is
trivial [48, 55, 56], which implies that all its critical exponents coincide with the ones given
by the mean field theory approximation (with logarithmic corrections in 4 dimensions [56]).
In other words, if the number of spacetime dimensions D > 4, the quantum effective action
of the ¢* theory in the continuum limit can be well described by the one of a free massive
scalar field theory with an effective mass dependent on the bare coupling Ag.

Consider a system of von Neumann detectors excited during the interaction events with
quanta of the field ¢ [57, 58]. As usual, such detectors with monopole moments J; = J;(¢, x)
can be modeled by terms in the Lagrangian density of the theory linear in the field variable

¢ as
7 = /quexp (zZ/dD 6¢ - = 0¢2 - )\0¢4+J]¢>)

Here the sum ), runs over detectors distributed in the world volume of the theory. It is often
convenient to think of sources J; as a second, extra massive scalar field (with a suppressed
kinetic term). We are specifically interested in the case when a very large number of such
von Neumann detectors randomly located in the world volume of the theory is present. The
detectors are characterized by random couplings J; to the field ¢.

It can be seen straightforwardly that the physical setup described here is equivalent
to the one realized in a quantum A¢* theory in a random external field or its discrete ver-
sion, the random field D-dimensional Ising model (RFIM) well studied in literature, see for
example [59-62]). A celebrated result by Parisi and Sourlas [16] states that the infrared
behavior of RFIM is equivalent to the one of a similar theory (Ising model) in the absence of
random external field but living in (D — 2) dimensions. Namely, the most infrared divergent
terms present in the perturbative expansion of the generating functionals of the two theo-
ries ((D — 2)-dimensional IM and D-dimensional RFIM) coincide term by term. While the
Parisi-Sourlas correspondence for Ising model breaks down for D < 3 [60], it has been shown
to hold universally for D > 4.

Of especial interest for us is the observation that the presence of a large number of von
Neumann detectors drastically changes the structure of the Hilbert space of the theory. For
D = 4 and 5 the Hilbert space can no longer be approximated by the mean field-theoretic
partition function once the disorder associated with the external field is averaged out. This
is reflected in the change of critical exponents of the theory as well as correlation functions
of the field.

The magnitude of the change in the structure of Hilbert space of the theory can be
assessed by numerical simulations. Those have been recently done in [60] for D = 3 random
field Ising model (RFIM), in [59, 61] for D = 4 RFIM and in [62] for D = 5 RFIM. We have
also performed lattice numerical simulations of RFIM and reproduced the known results for
comparison of D = 4,5 RFIM with pure Ising model in D = 2,3 dimensions. Similar to [59—
61] we have exploited the fact that RFIM achieves phase transition at zero temperature [63]

~ 18 —



and as such, it is sufficient to focus on the physics of the ground state of the theory. For
numerical simulations, we have used minimum cost-flow algorithm [64, 65].

In addition, we have also performed simulations of D = 6 RFIM and compared its
behavior with the one of pure Ising model in D = 4 dimensions. As was expected, Parisi-
Sourlas dimensional reduction was observed in 5-dimensional and 6-dimensional RFIM, with
the critical exponents of D = 4 RFIM deviating from the ones of 2-dimensional Ising model
due to the known breakdown of dimensional reduction mechanism in lower dimensions. Es-
timating critical exponents for D = 6 RFIM we were unable to detect logarithmically weak
corrections to the mean field approximation.

To confirm universality of Hilbert space restructuring in quantum field theories due to
the presence of networks of observers/observation events, we have also performed numerical
simulations of Zy gauge theories. Those included theories in D =2 + 1 and 3 + 1 spacetime
dimensions [66-68]|, D = 441 and 5+1 spacetime dimensions (here +1 denotes the dimension
with periodic boundary conditions). Von Neumann observers were modeled by a scalar degree
of freedom coupled to the Zs gauge field with the resulting free energy of the theory given by

F =" 04j0ju0m0i+ Y gnTi0ijTj, (B.1)
1,7,k,l 4,J,n

where the couplings g, (strengths of detectors’ couplings to Zs gauge field) and locations of
insertions of the quenched disorder elements (observation events) were considered random
and Gaussian-distributed. Again, we have observed effective dimensional reduction in the
random field Zy gauge theory implying universality of this phenomenon across a wide range
of theories with global and gauge symmetries.

C Numerical simulations of field theories

C.1 Lattice simulations of Ising model and random field Ising model (RFIM)

The Ising model approximates (Euclidean) ¢* quantum field theory in the continuum limit
(achieved for RFIM at zero temperature [63]). Lattice simulations of zero-temperature RFIM
in D = 4,5 and 6 dimensions were performed on hypercubic lattices with sizes L = 8,10,12,16
and 20. Ground states of the resulting IMs were calculated for 10 realizations of disorder.
For both IM and RFIM, finite-size scaling effects were taken into account. After extraction of
L-dependence, the values of critical exponents were determined by extrapolating L= — 0.
We obtained n = 0.1942 4+ 0.0022, v = 0.8726 + 0.0182 for D = 4, n = 0.0442 + 0.0032,
v =0.6293 + 0.0030 for D =5 and n = 0.0103 £+ 0.0041, v = 0.4892 4+ 0.0171 for D = 6.

C.2 Lattice simulations of pure and random field 7> gauge field theories

Monte-Carlo lattice simulations of Euclidean Z3 and RF (random field) Z; gauge field theories
were performed on periodic hypercubic lattices of the size L = 8,12,18,24 and 28 for the
spatial part and fixed L = 2 for the inverse temperature part of the lattice. For the RF
Z, gauge field theory, 10° realizations of random disorder were used. For Zy gauge field
theory, we obtained g = 0.13 £0.02, v = 0.99 + 0.03 for D =2+ 1 and 5 = 0.33 + 0.01,
v =0.63 £ 0.03 for D = 3 + 1 dimensions. (As usual, +1 denotes a dimension with periodic
Matsubara boundary conditions.) For RF Z; gauge field theory, we found g = 0.11 £ 0.03,
v =0.65+0.04 for D=4+1and 8 =0.30+0.05, v = 0.65+ 0.04 for D = 5+ 1 dimensions.
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D Deriving Starobinsky-Fokker-Planck equation using path integral ap-
proach

In this appendix we shall illustrate the power of path integral approach for analyzing infrared
dynamics of the scalar field in quasi-de Sitter universe by deriving the standard inflationary
Fokker-Planck equation in the one-noise model. As usual we start with

0P 1 0V f
= -~ 4L D1
ON 3H?2 0d * H’ (D-1)
where the noise f = Ho possesses the correlation properties
H2
(o(N)o(N")) = ﬁé(N - N). (D.2)
T

This equation is derived straightforwardly using the approach described in [38] under the
assumption of vanishing slow roll parameters ey, ngy — 0. The partition function of the
effective IR theory thus has the form

0P 1 oV 2m2
Z_/D¢D05(3]V+ZH{20<I>_U>GXP <_/dNHQU >

Introducing a Lagrangian multiplier for the functional delta function, integrating out the
noise o as well as the Langrangian multiplier, we obtain

272 (0 1 OV\?

Thus the Lagrangian of the theory is

272 (00 1 OV\?
_ 2n” (02 ov D.4
£=m <6N+3H28<I>> (D-4)
The momentum conjugate to ® is given by
oL 7w [0® 1 0V
Po=-0 =\ anv T a2 g D.
T 90 T H? (aN T3 aq>>’ (D-5)
and the Hamiltonian of the theory corresponding to the Lagrangian (D.4) is
1 Py 0V
Hy = Pp® — L =Pp® — L= —5PpH’Pp — —5 . D.
o= Po L= Py L galeH Po — oo o0 (D.6)

The Starobinsky-Fokker-Planck equation [38] describing IR inflationary dynamics is obtained
using this Hamiltonian and replacing Py — —% in the same fashion as Schroedinger equation

is derived from the Feynman path integral for quantum mechanics:

(W —H, (_;;, q)) P(®, N). (D.7)
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E Non-locality in the one-noise model

E.1 Useful preliminary expressions and used notations
E.1.1 Slow roll parameters

In what follows, we consider the case of a single scalar field with a potential V' (¢) propagating
in a FRW spacetime with metric ds? = dt?—a?(t)dx? = a?(t)(dn?—dx?). Ignoring dependence
on spatial coordinates x, slow roll parameters are defined according to the usual prescription

M} (dH/d¢\?

GH_T?T < 7 > , (E.1)
M} d*H/dg?

e (E-2)

Using the Hamilton-Jacobi equation for inflation

(dH>2 12 2_32772V(¢) (£3)

) "t T

and expressions

do_ Mpdn e (doy: -
dt 4w d¢’ dt  ME \dt '
one can demonstrate that
dH /dt
€H=~"p5 (E.5)

Using slow roll parameters €f, 7y rather than the usual slow roll parameters ey, 7y is more
convenient as the end of inflationary stage corresponds to the condition e = 1 being held
exactly.

Other useful formulae which we use below include

o(aH
S0 — @1 - en),
0
aL;I = —2(6H - UH)EHQH, (EG)
0%(aH
3(772 ) =(1—2eg + 26%{ — eHnH)(aH)3.

The formula (E.6) rewritten in terms of inflationary efoldings dN = Hadn shows that taking
time derivatives of slow roll parameters produces terms of higher order in slow roll expansion.

E.1.2 Number of inflationary efoldings

The Langevin and Fokker-Planck equations derived below are written in terms of the number
of efoldings N = loga rather than the world time ¢ or conformal time 7. It is therefore
appropriate to introduce the Jacobians associated with the corresponding change of variables.

We find:
0 0

%:aHaW
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A number of useful formulae which will be used in later derivations follow

1 dH Mp deH/dqb
€EH = ————, =€
H HdN nH H — Tom o
a/l
= (2 =
— = (2~ en)(Ha)?,
0

8N(aH) =aH(1l —e€q).

E.2 Separating scalar field into IR and UV parts. Langevin equation

The separation of the field into subhorizon and superhorizon parts is done according to
6=+ G / @k 0(k — 6aD) (axdr(me ™ + huc.) (E.7)

Here as usual §(. . .) is the Heav181de step function of the argument and 9 is a free dimensionless
parameter identified with IR/UV separation scale (usually, in stochastic formalism it is taken
to be small, § < 1, but not too small in order for potential terms to remain sub-dominant).
Substituting the expression into the operator equation [lg + % = 0 and neglecting potential
term for the UV part of the field, we obtain:

a” ov

1 " 2 ~ _
D<I>—|—a3(u Vu au—l—...)N 55 (E.8)
where ... denotes terms related to the potential and
>’ o VO
00 = H?-— + H*(3 -
ON? FHB ey ON a2
and
S / d3k0(k — daH) (akuk(n)efikx + h.c.) :
(27)3/2
Substituting u into the eq. (E.8) and using the expression
W= ——— /d3k‘5’ (k — 6aH)(aH)*(1 — ) (apupe ™ + h.c.)—
(271. 3/2
T /d3k5 (k — 6aH)(aH)3(1 — 2ey + 262 — ennm) (apure ™ + h.c.)—
(271. 3/2
= /2 / Bk — SaH)(aH)?(1 — ) (apube ™ + h.c.)+
—|— 3/2 /d3k0 k — daH)(apule” ™ + h.c.),
we finally obtam the “Langevin” equation for the infrared part of the field
0’°® 0 Ve 9%V
— + (3 - — = ——+ — = fi(t t E.9
8N2+( EH)N (aH)2+8(I>2 f1<,X)+f2(,X), ( )
where the “noise” operators f; and fs are defined according to
S2aH2(1 — €12 A
=21 (1= en) / d*kd’ (k — daH)(apure” ™ + h.c.), (E.10)
(27.‘.)3/2
fo=— 3/2 /d3k5 (k — daH) { (1 — 2ep + 264 — egnm) (apupe™ ™ + h.c.)+
1 _
n (apuje™ ™ + h.c.)} . (E.11)
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The part of the noise term f; seems to be suppressed at small § < 1. However, as we shall
see, generally this is not the case as powers of § are canceled out in the observable quantities.

E.3 Commutation relations of the noise operators f; and fs

While the noise terms commute with terms on the r.h.s. of the eq. (E.9), it is also useful to
check their self-commutation relations. Due to ultra-locality in the quasi-de Sitter regime,
we shall be particularly interested in commutation relations of operators at the same spatial
point x. We find that

LF1(N), fi(N')] =0, (E.12)

[fQ(N)7f2(N/)] =0, (E13)
i0°H2(1 — ¢

AW, o) = - =) oy (5.14)

It is worth noting that although the Langevin equation (E.9) is considered to be quasi-
classical, operators fiand fo are not generally commuting although their commutator is
small at 6 < 1 and becomes vanishing by the end of inflation when ey — 1.

This is in contrast with the Langevin-Starobinsky equation [38] for a scalar field on a
fixed de Sitter background

. 1 9V
) A E.1
MBI f; (E.15)
where
SaH3i 1 —ikx ikx
f= _ﬁ/d?’k‘é(k - &LHO)W (ake kx _ aLe k ) . (E.16)

One can immediately see that due to antisymmetric form of the combination (ake_ikx—azeikx)

the noise term f(t) commutes with itself if the same spatial point is considered:

[f(t7 X)7 f(t/> X)] =0.

For points with large spatial (superhorizon) separation the noise terms do not commute even
in this simplified case:

3
[f(t,x), f(t',x")] = % sin(eaH|x — x'|)o(t —t').
The reason of this discrepancy with our result is due to dropping terms ~ f; as suppressed
by additional powers of § at 6 < 1 during the derivation of (E.16); on the other hand, when
deriving (E.12)—(E.14) all terms are kept explicitly. It is thus useful to remember that the
quantum nature of the noise in the Langevin equation (E.9) is not eradicated completely
during the quasi-de Sitter inflationary stage when e < 1.

E.4 Correlation functions of the noise operators f; and f>

While we consider the field operators fi(IV,x) and fo(N,x) quasi-classical quantities (based
on their commutation relations in the regime § < 1 as well as their commuting with other
terms in the Langevin equation (E.9)) in what follows, it is necessary to determine their
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stochastic properties. Those are given by the expectation values in the vacuum state of the
Fock space of modes ug. We find:

202H | [(1-2 2¢2, —

N N’ x)) =
(f2(N,x) fo(N', %)) = =3 Vi—en
) <1 2eg + 265 — ey V?Imu;c) ] S(N — N'),

2
Vi—en >+

€H
Reu),
Ha

vV1—e€g

k=daH
(E.17)
H%5?
(1IN x) 1N %)) = =<5 [(1 = em)daH (ugui)i=sarrd” (N = N')+
+ 2(1 - eH)25aH(ukuZ)k:5aH5’(N - NI)+
2 2 d * / !
(1 — en)2(6a) (dk(ukuk))kzm §(N - N )] , (E.18)
§3H?
(i(N. %) fo(N' ) = = [aH (1 = 2ens + 26y — ermpm) (g imsorr +
+(1 - GH)(ukuZ’)k:(gaH] (5’(N — N/). (E.lg)

We emphasize that the expressions (E.17)—(E.19) are exact to all orders in slow roll parame-
ters ez, ni. They can be significantly simplified if the leading order in slow roll parameters
is kept; in the regime ny — 0, ey — 0 we have

ol __Ha g (iHa ik
ukw\/ﬁne ”( zkn+1>— me (k: —i—Ha—i-l),
and
2
(N3 FaN' ) = 26N = W), (5.20)
H2 H2
<f1(Na X)fl(N/7X)> = W(S,(N - N,) - 472 5”(N - N,)v (E21)
2
(fi(N,x)f2(N',x)) = %5’(N — N'). (E.22)

We are thus forced to conclude that in the general case the one noise model produces a non-
local effective theory, and a rather hard one to deal with. This can immediately be seen from
the behavior of the correlation functions (E.20)—(E.22) as well as after integrating the noise
f1 fo out in the partition function of the theory. The non-locality cannot be really neglected
as the correlation functions of the noise ¢'(N — N’), §”(N — N') are not suppressed. It also
hints on the presence of an additional stochastic degree of freedom which was integrated out
to produce the non-local behavior and forces us to apply the two-noise model described in
the main text.

E.4.1 Relation to the Starobinsky’s stochastic formalism

Two observations are in order. First of all, we note that even keeping fo only (which is
essentially equivalent to using the approximation ey < 1, § < 1 employed in [38] and
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throughout the literature) we do not reproduce Starobinsky’s result for the numerical factor
in front of the correlation function (E.20). Namely, the difference between the two results is a
factor of 3/4, which is crucial given that it determines the correct value for de Sitter entropy.
To understand what happens, let us recall how it is derived. If all terms suppressed by higher
powers of slow roll parameters are neglected, the resulting equation for the superhorizon part
of the field has the form

L
ot 3HOD
where R
_ toa 3 —ikx T —ikx
f=—"am /d ko (k — 5aH)k3/2 (ane™ — afemik).

Note however that the terms ¢ which we neglected in the equations above would also contain
the contribution ~ f. While most contributions to f are suppressed by additional powers
of 4, there is also a contribution present which is proportional to ~ H f. This contribution
is exactly the one which accounts for the difference between our and Starobinsky’s result.
However, keeping terms like this, we should be extra careful since f is a stochastic variable,
which we are trying to differentiate.

Second, we note that the correlators E.19 and E.18 are not suppressed by powers of §
and thus should generally be kept. The resulting theory (after the noise term f1 is integrated
out) is non-local in N. This non-locality hints on an existence of an additional effective field
variable which has been integrated out to obtain the resulting non-local theory.
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