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We study the capacity of a quantum channel for retrocausal communication, where messages are transmitted
backward in time, from a sender in the future to a receiver in the past, through a noisy postselected closed timelike
curve mathematically represented by the channel. We completely characterize the one-shot retrocausal quantum
and classical capacities, and we show that the corresponding asymptotic capacities are equal to the average
and sum, respectively, of the channel’s max-information and its regularized Doeblin information. This endows
these information measures with a novel operational interpretation. Furthermore, our characterization can be
generalized beyond quantum channels to all completely positive maps. This imposes information-theoretic limits
on transmitting messages via postselected-teleportation-like mechanisms with arbitrary initial- and final-state
boundary conditions, including those considered in various black-hole final-state models.

Introduction—The theory of general relativity admits the
existence of closed timelike curves (CTCs) [1-4]. Such a
curve sends a “chronology-violating” system backward in
time, which can then interact with surroundings of its own
past. The existence of CTCs could lead to perplexing conse-
quences such as violation of causality and escape from a black
hole [5-8], and it is challenged by grandfatherlike paradoxes.
To formalize the discussion of these consequences and miti-
gate paradoxes, abstract quantum-mechanical models of CTCs
have been developed, with two notable examples being the
Deutschian model [9] based on a self-consistency condition
and the postselected model [10—13] based on a postselected ver-
sion of quantum teleportation [14]. Access to a noiseless CTC
of one kind or the other has been shown to unleash stunning
information-processing power, such as the ability to distinguish
nonorthogonal states perfectly [15, 16], to clone [17], and to
speed up computations [11, 18, 19] (although its interpreta-
tion has been the subject of debate [20-22]). Recent works
have also demonstrated advantages brought by resources sim-
ulable using noiseless postselected CTCs (P-CTCs) in other
tasks such as metrology [23-25], resource manipulation [26],
hypothesis testing [27], and communication [28-30].

In this paper, we investigate fundamental limits on the effi-
ciency of communication [31] through noisy P-CTCs. A noisy
P-CTC can mathematically be represented by a quantum chan-
nel, in the sense that information traveling through the noisy
P-CTC effectively evolves as if passing through the channel,
except for ending up in the past. Therefore, another way of
phrasing the question is: how does the capacity of a quantum
channel change, if it were to be used for transmitting mes-
sages backward in time (as opposed to forward in time as in
conventional communication settings [31-42])? We term this
unconventional communication setting retrocausal communi-
cation. A distinctive feature of retrocausal communication
is the possible formation of causal loops, which is counterin-
tuitive, yet perfectly reasonable granted the existence of the
noisy P-CTC. In fact, the communication power of the noisy
P-CTC can only be fully unlocked by exploiting such an exotic

structure of spacetime. Our main technical result is to estab-
lish the Shannon-theoretic limit of retrocausal communication,
accompanied by an explicit construction of an optimal strategy
in the one-shot regime.

Our use of the postselected model of CTCs is motivated by
several considerations. P-CTCs, based on postselected telepor-
tation, can be simulated experimentally with reasonable over-
head [11], and they have been shown to be consistent [12] with
path-integral approaches [43—48] to CTCs. Most importantly,
a noiseless P-CTC amounts to an identity channel from the
future to the past, suggesting that the model is consistent with
the formalism of quantum Shannon theory [42, 49-51] and
suitable for studying CTCs as media for communication. This
contrasts with the Deutschian model of CTCs [9], in which the
chronology-violating system becomes decorrelated from the
environment after traveling backward in time, so that partial
information (such as one part of an entangled state) can never
be faithfully transmitted from the future to the past. More-
over, P-CTCs are closely related to the Horowitz-Maldacena
final-state model of black-hole evaporation [5], which was pro-
posed to reconcile unitarity with Hawking’s semiclassical argu-
ments [52] and inspired by a time-symmetric modification of
quantum mechanics [53-55]. In variations of the model [6—8]
that allow for arbitrary initial- or final-state boundary condi-
tions, nonunitary postselected-teleportation-like mechanisms
resembling noisy P-CTCs could emerge.

Noisy P-CTCs—A chronology-violating system traveling
through a noiseless P-CTC [10-13] can be thought of as being
teleported to its past under postselecting the event that the Bell
measurement in the teleportation protocol [14] yields the de-
sirable outcome that requires no further action to complete the
protocol. This time-travel mechanism is “noiseless,” as the past
and future versions of the system are identical. Now consider
a noisy mechanism of time travel, which turns a future system
A into a past system B under the effect of a quantum channel
Na—p [56]. A natural such mechanism is to let the future
system travel through a noiseless P-CTC and then be acted
upon ordinarily by the channel. We refer to this mechanism as
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FIG. 1. Enclosing a bipartite channel 7z p_, 4 With a noisy P-CTC
represented by a channel Na_,p (Fig. 1a) is equivalent to preprocess-
ing Tep—ra With Ny, p and performing postselected teleportation
from the output A of TEp— Fa to the input A of Na_,p (Fig. 1b with
renormalization).

a “noisy” P-CTC and simply represent it by the channel Na_, g,
with the implicit assumption that B precedes A in time.

P-CTCs can be combined with other “chronology-respecting”
processes. For instance, given a noisy P-CTC represented by
N4 p, one can feed B into a bipartite channel 7gp_, 4 as part
of the latter’s input and then feed the output A of 7gp_,F 4 into
the noisy P-CTC’s entrance (see Fig. 1a). This might result in a
causal loop B — A — B, yet it is perfectly reasonable granted
the existence of the noisy P-CTC because B can influence A
via Tgp—r 4 Without violating chronology. Potential paradoxes
arising from such a loop can be addressed within the model of
P-CTCs [11]. The resulting transformation from E to F is then
represented by the following nonlinear map (see Fig. 1b) [11,
12]:

Traa [PaaTep—ralpre @ Nasp[Paalll
Tr[®aa Tep—FalpreE ® Namsp[Paar]l]

PRE P ., (D
where R is an arbitrary reference system and Py =
(1/da) 2i,j liXjla ® |iXjla is the standard maximally en-
tangled state between A and A’.

Retrocausal communication—The setting of retrocausal
communication can perhaps be best explained in reference
to the film Interstellar [57] (see Fig. 2). In the film, a fa-
ther in the future discovers that he can communicate to his
young daughter in the past via some noisy mechanism. Due
to its chronology-violating nature, we model this mechanism
as a noisy P-CTC represented by a quantum channel N4_, 5.
We are concerned with the maximum possible efficiency at
which messages can be reliably transmitted from the father
to the daughter through the noisy P-CTC under an encoding
and decoding of their choice. This efficiency is measured
by the retrocausal capacity of Na—,p, which we will define
shortly [58]. One may wonder how this exotic scenario differs
from a conventional communication setting in which messages
are transmitted forward in time. The difference becomes mani-

FIG. 2. In the film Interstellar [57], a father, who is in the future,
encodes his message to his daughter, who is in the past, in a system
traveling through a noisy P-CTC. The father can retrieve and consult
his memory of past events that he has witnessed, so that his encoding
could be influenced by what results from the daughter’s decoding,
forming a causal loop. Background artwork: Bookshelf Scene (2018),
©Alexey Nefed (motion.nalex), reproduced with permission [59].

fest when taking into account the following possibility (as is
also visible in the film [57]): the father, who is in the future,
may retrieve his memory of past events that he has witnessed,
even including the daughter’s decoding of the message which
he is about to send! It would thus not be surprising that he
will consult his memory of the daughter’s decoding when en-
coding his message, so as to maximize the efficiency of the
communication.

Evidently, this allows what results from the daughter’s de-
coding to influence the father’s encoding, which in turn in-
fluences the daughter’s decoding via the noisy P-CTC, thus
forming a causal loop. However, to stress again, granted the
existence of the noisy P-CTC, the formation of this loop is
physically justified: the father and the daughter operate in a
perfectly chronology-respecting manner, including the father’s
retrieving and consulting his memory of past events; the only
chronology-violating element here is the noisy P-CTC, which
models a given mechanism beyond their control. Note that,
if the father is not allowed to retrieve or consult his memory,
then the setting under consideration would not be different
(at least mathematically) from conventional (forward-in-time)
communication settings, since everything would anyway abide
by a definite causal order and could thus be realized without
necessarily violating chronology.

Following the intuition explained above, the most general
form of strategy that the father and the daughter can adopt,
without violating chronology (when not invoking the noisy
P-CTC), can be described as follows (see Fig. 3a): (i) in the
past, the daughter receives B from the exit of the noisy P-CTC,
decodes the message by applying a channel D,_ 17, with M
storing her recovery of the message, and leaves L in a noiseless
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FIG. 3. Retrocausal communication through a noisy P-CTC repre-
sented by a channel N4, g (Fig. 3a) is mathematically equivalent to
forward-in-time communication through the channel N4_,p with the
assistance of a noiseless P-CTC (Fig. 3b).

quantum memory for the father to retrieve in the future; (ii) in
the future, the father retrieves L, encodes his message stored
in M by applying a channel Eps7—,4, and feeds A into the
entrance of the noisy P-CTC. The resulting transformation
from the father’s message system to the daughter’s recovery
system is represented by a nonlinear map M,, .7, whose
action on an arbitrary pure state Y gys, with R an arbitrary
reference system, is given by
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following the machinery of Eq. (1).

Another observation is that, in the presence of a causal
loop, the notion of past and future becomes elusive and can be
treated flexibly. For instance, if one imagines the “first-hand
experience” of a message traveling through the noisy P-CTC,
then the conclusion would be that the father resides in the
“past” where it sets out and the daughter resides in the “future”
where it arrives. Judging from this experience, the noisy P-
CTC would just appear as an ordinary channel, whereas the
memory L travels through a noiseless P-CTC. This suggests
that, mathematically, retrocausal communication (see Fig. 3a)
is equivalent to forward-in-time communication assisted by a
noiseless P-CTC (see Fig. 3b). For coherence of presentation,
we will continue with our original formulation of retrocausal
communication (see Fig. 3a), where the father is in the future
and the daughter is in the past.

Retrocausal capacity—To quantify the quality of transmit-
ting quantum messages via the nonlinear map M,, 7 [see
Eq. (2)], we define its worst-case quantum infidelity as

Ginfid(M) =1 - l/}gg Tr[v piiMys i lVrRM]], 3)

where the infimization is over all pure states with R of an arbi-
trary dimension. We then define the one-shot retrocausal quan-
tum capacity of the quantum channel N4_,p as the maximum
number of qubits that can be transmitted within an infidelity
& € [0, 1] through the noisy P-CTC that it represents:

Orewo(N) = sup

EmL-A-Dy_ 5L

{logy du: qinsa(M) < e}, 4)

where M, ;7 is given by Eq. (2) and the supremization is
over all choices of encoding and decoding (which are quantum
channels) with M and L of arbitrary dimensions. We define
the asymptotic retrocausal quantum capacity of Nao_,p as

1
Qrewo(N) = _inf liminf 0%, (N*").  (5)
EAS]

(0.1) n—eo

If the messages being transmitted are classical, then one
can disregard the reference system R and only consider all
(perfectly distinguishable) symbols in an alphabet of size dy;.
The one-shot retrocausal classical capacity CZ,,(N) is then
defined similarly to its quantum counterpart but with the worst-

case classical error probability,
Perror(M) =1~ n}}lnTr[|m><m|ﬁMM_,1’\Z[|m><m|M]]’ (6)

in place of ging(M), where the minimization is over all sym-
bols in the alphabet. The asymptotic retrocausal classical
capacity Creyo (N) is defined accordingly.

To reiterate, the retrocausal capacities defined above assume
that the channel N4, g represents a noisy P-CTC, with B pre-
ceding A in time. They may not apply to other models of
CTCs, nor do they suggest backward-in-time signaling in stan-
dard quantum theory, where chronology-violating resources
are forbidden.

Main result—For a quantum channel N4_, g and a real num-
ber € € (0, 1), the one-shot retrocausal quantum and classical
capacities are equal to, respectively,

€

Qlfétl'o(N) = 10g2 \‘\/1 2lmax(N)+ld()e(N) + ]J . (7)

Clino(N) = log, | o2l NHhueM oy | g8)

where | - | denotes the floor function. The max-information [60]
is defined as

Inax (N) = ﬂir}rfB {log, 1: Na,g[@ara]l < A4 ® o}, (9)

where m4 = 14/ /da and the infimization is over all real num-
bers and all quantum states of B. The Doeblin information [61]
is defined as

Lioe(N) = inf {log, 1: mx ® 75 < ANa-p[®@aal}, (10)
s TB

where the infimization is over all real numbers and all unit-trace
Hermitian operators in B.



FIG. 4. Amplified probabilistic teleportation is an optimal strategy
for retrocausal communication. The blue and red boxes encapsulate
the daughter’s decoding and the father’s encoding, respectively.

The asymptotic retrocausal quantum and classical capacities
are given by

(Imax (N) + I, (N)) . (11

N —

1
Qretro(N) = Ecrctro(N) =

where I3 (N) = limy, 0 (1/n) Igoe (N®") is the regularized
Doeblin information.

Several implications of our result are in order. First, our
result provides exact closed-form expressions for the one-shot
retrocausal quantum and classical capacities. This is notable
considering that having a one-shot characterization up to this
precision has been extremely rare in quantum Shannon theory.
Second, our result implies a complete characterization of the
error exponent and the strong-converse exponent of retrocausal
communication (see Supplemental Material [62, Secs. VD
and VI D] for formal statements). Third, our result provides
a novel operational interpretation for the max- and Doeblin
informations in the context of communication, contrasting,
for instance, the previously known interpretation of the max-
information in channel simulation (which is a setting reverse to
communication) [41] (see Supplemental Material [62, Sec. II]
for more discussion). Fourth, for several classes of channels
(including measurement channels and certain covariant chan-
nels), the Doeblin information is additive [61], implying that
132, (N) = lgoe(N). This means that, for such channels, the
asymptotic retrocausal capacities have a single-letter expres-
sion and are efficiently computable via semidefinite programs
(SDPs) (see Supplemental Material [62, Sec. VII] for numer-
ical examples). For general quantum channels, the Doeblin
information is not always additive, and the efficient computabil-
ity of its regularization is unknown. In this case, we provide
single-letter and SDP-computable upper and lower bounds on
the asymptotic retrocausal capacities in Supplemental Mate-
rial [62, Remark 6].

Optimal strategy—To provide some intuition behind the
derivation of our result, we outline a construction of an optimal
strategy, which achieves the one-shot retrocausal quantum
capacity precisely. For a rigorous analysis of its performance
and a proof of its optimality, see Supplemental Material [62,
Sec. V]. The strategy operates as follows (see Fig. 4).

In the past, the daughter receives B from the exit of the noisy
P-CTC. She prepares the standard maximally entangled state
between M and a noiseless quantum memory L, keeps B in
another noiseless quantum memory L;, and leaves both L

and L, for the father to retrieve in the future. This concludes
the daughter’s decoding. In the future, the father retrieves L,
and L, and performs a Bell measurement on M and L;. If
the measurement ends up being a projection onto the standard
maximally entangled state, then he applies a channel K g)L A
to Lp; otherwise he applies K’ gL A Finally, he feeds A into
the entrance of the noisy P-CTC. This concludes the father’s
encoding.

We call the above strategy amplified probabilistic telepor-
tation, and its underlying functioning can be understood as
follows. Instead of trying to code his message into A, which
enters the noisy P-CTC, the father intends to “teleport” [14]
the message probabilistically to the daughter via L. Indeed, if
the father’s Bell measurement ends up being a projection onto
the standard maximally entangled state, then what the daugh-
ter ends up with in Misa perfect recovery of the message
in M. However, this “desirable” outcome occurs only with
probability 1/d2,, or at least so without invoking the noisy
P-CTC. Yet, as illustrated in Fig. 4, the remaining part of the
strategy engineers a causal loop solely consisting of the noisy
P-CTC, represented by Na_, g, and the channel 7(](_];)_) 4> Ccon-
ditioned on k € {0, 1}. Due to the nonlinearity of such a loop
(specifically, its capability of renormalizing the probabilities of
certain events), the father can choose the channels 7((0) and

L2—>A
K 2?_} 4 In such a way that the renormalized probability of the

desirable outcome is maximally amplified. If the renormalized
probability of the desirable outcome can be amplified to at
least 1 — & for a message system M of dimension dy;, then
log, das qubits can indeed be “teleported” from M to M via L,
subject to a failure probability at most £, which upper bounds
the overall infidelity of communication. The max- and Doe-
blin informations of N4_,p come to relevance in quantifying
the noisy P-CTC’s maximal amplification of the probability
of the desirable outcome, due to their interpretations in terms
of the maximum and minimum achievable singlet fractions,
respectively [60, 61].

Discussion—We have proposed the setting of retrocausal
communication based on the model of P-CTCs, demonstrating
that exchanging the temporal locations of the sender and the
receiver and “reversing” the chronological direction of the com-
munication channel shifts the paradigm of quantum Shannon
theory significantly. In the one-shot regime, the fundamental
limit on its efficiency can be determined precisely and achieved
with a simple strategy contrasting with conventional coding
schemes. In the asymptotic regime, the limit can be incar-
nated as a resource inequality [63] involving communication
resources in both chronological directions:

(N + colg = 4] 2 5 (Inax(N) + I35, (N)) [ < gl (12)

where ((ﬁ ) denotes a noisy P-CTC represented by Nfi p and
[¢ — ¢] and [g < ¢] denote a noiseless quantum memory
and a noiseless P-CTC, respectively, on n qubits. The noiseless
quantum memory left by the receiver in the past and retrieved

by the sender in the future plays an essential role in achieving



this limit. An interesting open question is how this limit is
affected if the memory is noisy, say, represented by a channel
Lc—p. Inother words, one may try to characterize the tradeoff
between the rates R and Q in the following resource inequality:

(N) +R{Z) > 0[q < ql. (13)

Another future direction is to explore the relation between
our result and final-state models of black-hole evaporation [5—
8]. The original final-state model proposed by Horowitz and
Maldacena [5] postulates that black-hole evaporation can be
described by postselected teleportation, which reconciles uni-
tarity and Hawking’s semiclassical arguments [52]. It was
subsequently pointed out [6—8] that, even assuming a final-
state boundary condition, unitarity could still be spoiled if the
initial- or final-state boundary condition can be arbitrary, and
the evaporation would then be described by a postselected-
teleportation-like mechanism represented by a completely pos-
itive map that is not necessarily trace preserving (see Sup-
plemental Material [62, Sec. III B] for details). Notably, our
characterization of the retrocausal capacity can be shown to
apply to all completely positive maps and not just quantum
channels (see Supplemental Material [62, Secs. V and VI]
for proofs), and it is therefore general enough to account for
final-state models with arbitrary initial- or final-state boundary
conditions. Further implications of our result for final-state
models will be discussed in a future work [64].
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I. NOTATION

Let R denote the set of real numbers, C the set of complex numbers, and IN the set of nonnegative integers.
For a nonnegative real number x, let | x| = maxgew{d: d < x} denote the largest integer not exceeding x.

Let d4 = dim(H,4) denote the dimension of a quantum system A associated with a Hilbert space H4. Let
B4 denote the space of bounded linear operators acting on H4. Let &4 denote the set of quantum states
of A (i.e., the set of positive semidefinite unit-trace operators in By), and let aff (Z4) denote the set of
unit-trace Hermitian operators in B4 (i.e., the affine hull of Z,4). Let m4 = (1/d4) Zl.dzf‘o_l liXi| 4 denote the

uniform state of A. Let @44 = (1/d4) Zld;‘;é [iXJjla ® |i)XJj|4 denote the standard maximally entangled
state between two systems A and A’ (with A = A”). Let Yy = (1/dy) Zij‘ial |mXm|yp ® |m)Xml,, denote
the standard classically maximally correlated state between two systems M’ and M (with M’ = M). Let

Q7= Zi"i 0 Y imXm| wm ® |mXm|; denote the classical comparator between M’ and M (with M’ = M).
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Let L4, g denote the space of linear maps from B4 to Bg. For a linear map Ns—p € L4 p, its Choi state
is defined as QDQ, 5 = Nass [®ar4]. Let €4 p denote the set of quantum channels from A to B (i.e., the set
of completely positive trace-preserving linear maps in IL4_,p), and let .£4_, g denote the set of completely
positive maps in L4, 5. For a unit-trace Hermitian operator o € aff(Zp), a corresponding replacement

map RG_ , is defined by RY_, ;[-] = Tra[-]op, whose Choi state is given by Cl)f; =7 ® OB.

II. MAX-INFORMATION AND DOEBLIN INFORMATION

The max-relative entropy between two states pa, o4 € P4 is defined as [65]
Dmax(pllo) = Aigﬂf{ {logyA: p < Ac}. (S1)

We furthermore use the same definitions as above for the max-relative entropy when the arguments p4, 04 €
aff(Z,4) are Hermitian operators that are not necessarily positive semidefinite.
The max-information of a channel Ny_p € € 4_p is defined as [60, 66, 67]

s (N) = _inf DmaX(QDN ") (S2a)
= Amﬂ){ {logy 1: @Y, < Amy ® 0} . (S2b)
S
O'BE.@B

The Doeblin information of a channel Ny_,p € €4 p is defined as [61]

Tioe(N) = inf Dmax(<I>RT qu) (S3a)
tgeaff(Ip)
= inf  {log,1: o ®Tp < ADN L (S3b)
€ln,
rpeaff(Zp)

Note that the infimization in 7 above is over all unit-trace Hermitian operators. We furthermore use the
same definitions as above, for the max- and Doeblin informations, when the argument Ny_,p € Zs_,pis a
completely positive map that is not necessarily trace preserving.

Remark 1. For a function D: (J, aff(Z4) X aff(Z4) — R U {0} satisfying the data-processing inequality
(DPI) on pairs of unit-trace Hermitian operators, one can define a corresponding mutual information I of
a channel Ny_,p € €4 p as follows (see, e.g., Ref. [42, Definition 7.8.5] for when D satisfies the DPI on
pairs of states):

I(N) = sup inf  D(Nasglpralllor ® o) (S4a)
pRAegRA O’BEaff(@B)

= su inf D ,d)N ,
PA/E%A/ opecaff(Zp) (pA BpA

1
PR 0%, ) (S4b)

One can also define a corresponding “reverse” mutual information I'®V of a channel as the mutual informa-
tion corresponding to the reverse function D™V: (p, o) — D(o||p) (see, e.g., Refs. [68—70] for specific
instances):

I'(N) = sup inf  D(pr ® 18||Nasplpral) (S5a)

prAEDRA TBEAT(ZB)

D=

= sup inf D(pA,d)ﬂBpA,

Vs $5b
€D, TBEAMT (D) PaFaPa ) (S5b)
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where Eq. (S5b) follows from applying Eq. (S4b) to D™". Then following a similar argument to Ref. [71,
Remark 2] (also see Ref. [72, Lemma 12]), it can be inferred that the max- and Doeblin informations in
Eqgs. (S2) and (S3) are equivalent, respectively, to the mutual and reverse mutual information in Eqgs. (S4)
and (S5) corresponding to the max-relative entropy defined on pairs of unit-trace Hermitian operators.

The max-information has several operational interpretations in quantum Shannon theory, most notably
as the one-shot zero-error nonsignaling-assisted classical simulation cost [41] and as the entanglement-
assisted logarithmic communication value [73]. The Doeblin information has found applications in bounding
contraction coefficients and consequently a variety of other contexts such as quantum machine learning,
quantum error mitigation, and sample complexity of noisy quantum hypothesis testing [61]. From a resource-
theoretic perspective [74, 75], the max- and Doeblin informations can also be interpreted, respectively, as
the logarithmic resource robustness [76, 77] and the logarithmic resource weight [78, 79] against the affine
hull of replacement channels [61, 80].

For our goal of characterizing the retrocausal capacity of a channel, it is of particular relevance that the
max- and Doeblin informations have operational interpretations in terms of the maximum and minimum
achievable singlet fractions, respectively [60, 61], as reviewed in the following lemma.

Lemma 1 ([60, 61]). The max- and Doeblin informations can be interpreted in terms of the maximum and
minimum achievable singlet fractions, respectively: for a completely positive map Na—.p € Ls—p,

Inax(N) = 2log, da + log, mgé Tr[®aa (Kp—sa o Nasp) [Paall, (S6)
B—>AS0OB—A
ljoe (N) = =2log, d4 — log, melg Tr[@aa (Kp—a 0 Nasp) [Paar]]. (S7)
B—-ATOB—>A

The max-information is additive in the sense that Iiyax (N7 ® N2) = Inax(N1) + Imax (N2) for two arbitrary
completely positive maps N; and N, [60, p. 4342] (also see Ref. [66, Lemma 6]). This implies that, for
every n € IN,

%Imax(Nm) = Inax (). (S8)

On the other hand, the Doeblin information is nonadditive in general, despite being superadditive [61,
Proposition 20]: Igoe (N1 @ N2) > Igoe (N1) + 14oe(N2). By Fekete’s lemma [81], the following limit exists,
which we term the regularized Doeblin information of Na_p:

1
Iige(N) = lim —1goc (N®). (S9)

A slight generalization of Ref. [61, Theorems 3 and 4], shows that, for quantum-to-classical completely
positive maps (which include measurement channels) and mictodiactic covariant completely positive
maps (which include depolarizing channels), the Doeblin information is additive and thus equal to its
regularization. For general completely positive maps, the Doeblin information is upper bounded by the
following quantity [61]:

lioe(N) < inf {logyA: —A®N , < 7a @ T < 20N} (S10)
€ln,
rpeaff(Pp)
= I1:(N), (S11)

which can be shown to be additive by slightly generalizing Ref. [61, Proposition 24]. Therefore, since the
Doeblin information is superadditive, we can bound the regularized Doeblin information from both sides in
terms of single-letter quantities that are efficiently computable via semidefinite programs (SDPs):

lioe(N) < I3 (N) < I(N). (S12)



(a) (b)

FIG. S1. Enclosing a linear map Yg4—ra Wwith a noiseless P-CTC on the system A (Fig. Sla) is equivalent to
performing postselected teleportation from its output A to its input A (Fig. S1b with renormalization).

III. POSTSELECTED CLOSED TIMELIKE CURVES (P-CTCs)
A. Noiseless P-CTCs

As proposed in Ref. [10] and formalized in Refs. [11-13], enclosing a linear map Tea—ra € LEa—Fa
with a noiseless P-CTC on the system A can be simulated, up to renormalization, by:

1. preparing a standard maximally entangled state ® 44+ between A and A’;
2. letting the map 74— ra act on A along with E, receiving A back along with F;
3. projecting A and A" onto @44, and discarding them.

The above simulation can be represented by a linear supermap (i.e., a linear map on linear maps [82]) I'4
from L4, 4 to C, which we term the loop supermap, defined as follows:

Lat Tea—ra = Da{Tea—ral, (S13a)
Ca{Tea—ra}: prRe = Traa [PaaTEa—ralpre ® Panll, (S13b)
where we use the curly bracket to indicate the action of a supermap on a map. Then the actual transformation

from E to F, resulting from enclosing 7g4—ra With the noiseless P-CTC, is represented by the following
nonlinear map from Bgg to Bgp, with R an arbitrary reference system, which renormalizes ['s{Tga—ra }:

Ca{Tea—ra}tlprE]
Tr[TCa{TEa—ra}tlorel]l

Note that, if Tg4—r4 is completely positive, then so is Ta{7ga—ra} [83]. It is thus immediate that the
nonlinear map in Eq. (S14) preserves the set of states in the presence of an arbitrary reference system R.

PRE (S14)

Fact 1 (Noiselessness). Surrounding a swap channel between two systems with a noiseless P-CTC on one
system results in an identity channel on the other: for two systems A and B with A = B and a linear operator
PRrA € Bra with R a reference system,

I's{PaB—ap}[pral
Tr[['p{Pap—as}prall

where Pa,p,—A0Bo = 1da, 5B, ® 1dp, 4, is the swap channel between A and B.

= PRA (S15)

Proof. 1t follows from the definition of the loop supermap [Eq. (S13)] that

I'p{Pap—a}oral = Trep [Pep Pap—aplpra ® Ppp]] (S16)



(a) (b)
FIG. S2. The cyclicity of noiseless P-CTCs dictates that Figs. S2a and S2b are equivalent.

= Trpp [P (PrRB ® PaB)] (S17)
1

= — PRAs (S18)
2
dy

where Eq. (S18) follows from probabilistic teleportation [14]. The desired statement is then immediate. O

Fact 2 (Composition). Parallel composition of noiseless P-CTCs is represented by tensor product: for two
systems A and B, we have that T'yp = 'y @ I'p.

Proof. The desired statement follows immediately from the fact that ® 4545 = Ppar @ Pppr. m|

Lemma 2 (Cyclicity). Noiseless P-CTCs have the following cyclicity property (see Fig. S2): for two
linear maps Tep—ra € Lgp_spa and Wea—nup € Lga_pgp and a linear operator PReG € Breg with R a
reference system, we have that

Ca{TeB—Fa © Woa—uB} PREG] _ I'e{Wsa—up o TEp—ra}tPrEG]
Tr[Ta{Tes—ra © Woa—us}precll  Tr[Te{Wea—up © Tep—ratlprecl]

(S19)

Proof. Since Eq. (S18) implies that I'p {Ppp'—pp'} = d%idBﬁB for B’ = B, where Ppp —pp’ is the swap
B
channel between B and B’, it follows that

TCa{Tep—ra © Woassup} = dgTa{Tep—ra o Te{Ppp} 0o Woa—np} (S20)
= d% (T ® Tp) {TeB—Fa © Py —5p © Wea—uB} (S21)
= dpTap{TEB—FA © Pop—58 © WeasHB}- (S22)

Considering that

TEBo—FAo © P8 —BoB, © Wea,—~HB, = TEBo—FAo © (idB,—>B'O ® idB}—>Bo) o Wsa,—uB,  (523)

= TeB—FAo © WGa,—HB, (524)
= TeB—Fao ® Woa,—us,), (S25)
it follows from Eq. (S22) that
Ca{Tep—ra © Weassup} = dgTap{Tep—ra ® Woassup }- (526)
Following the same reasoning, we can also show for A’ = A that
Ts{Woanp o Tes—rat = A3 as{Wea—np ® Tep—ra}. (527)

Combining Egs. (S26) and (S27) yields the desired statement. O
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FIG. S3. Enclosing a linear map 7gp—r4 With a noisy P-CTC represented by a completely positive map Na_,p is
equivalent to preprocessing Tep—.ra With Ny_,p and enclosing Tep—ra © Na—p with a noiseless P-CTC on the
system A (Fig. S3a). It is also equivalent to imposing on 7g g F 4 initial- and final-state boundary conditions satisfying
Eq. (S29) (Fig. S3b with renormalization).

B. Noisy P-CTCs

Compared to the main text, here we consider a slightly more generalized notion of a noisy P-CTC, which
can be represented by a completely positive (but not necessarily trace-preserving) map. As illustrated in
Fig. S3a, a noisy P-CTC from A to B, represented by a completely positive map Ny—p € Z4_,p, can be
understood as the concatenation of a noiseless P-CTC on A and the map N4_,p. In other words, enclosing a
linear map 7gp—ra € Lgp—ra with the noisy P-CTC amounts to preprocessing 7gp—r4 With N4_,p and
enclosing Yep—ra © Na—p with a noiseless P-CTC on A. Formally, the resulting transformation from E to
F is represented by the following nonlinear map from Brg to Brr, with R an arbitrary reference system:

Ta{TEB—Fa © Nassp}prE]
PRE ™ .
Tr[TCa{7EB—Fa © Nasp}prE]]

Note that the noisy P-CTC can equivalently be realized by postprocessing 7ep—ra With Ns_,p and enclosing
Na—p o Tep—ra With a noiseless P-CTC on B, due to the cyclicity of noiseless P-CTCs (Lemma 2).

A major reason for our interest in noisy P-CTCs represented by completely positive maps, and not just
by channels, is that they naturally arise in a time-symmetric modification of quantum mechanics [53-55],
where arbitrary initial- and final-state boundary conditions can be specified. A general configuration to
consider is one where a linear map Ygp—ra € Lgp—Fa 1s subject to an initial state pgﬁct € Ypc and a final

state pi“c'f‘l € Yac, where C is a side quantum memory (see Fig. S3b). The resulting transformation from E

to F is then represented by the following nonlinear map, with R an arbitrary reference system:

(S28)

Trac [pglgl(]EBﬁFA [,DRE ® pgnct]]

Tr[p/ﬁ;glﬁBeFA lorE ® P}?lct” .

It is easy to verify that Eq. (S29) recovers Eq. (S28) upon defining the following completely positive but not
necessarily trace-preserving map:

Namsl] = Teac |52 (04 © o) . (830)

which represents a noisy P-CTC from A to B. Conversely, every noisy P-CTC represented by a completely
positive map can be realized with some initial- and final-state boundary condition. To see this, for a
completely positive map Na_,p € -£4,p, by setting

pinit = Nasp[Pac]
BC T Tr[Nasp[®ac]l’

(S31)
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Pl = Dye, (S32)

one realizes a noisy P-CTC represented by Ng—p/Tr[Na—p[®Pac]], and this noisy P-CTC is equivalent to
the one represented by N4_, g, due to renormalization.

IV. RETROCAUSAL COMMUNICATION
A. General framework

The setting of retrocausal communication involves two parties, namely a sender in the future and a receiver
in the past. Following the convention of the main text, we refer to the sender as a father and the receiver as
his daughter. The father is connected to the daughter by a noisy P-CTC represented by a given completely
positive map Na—p € £4—p, and they aim to transmit quantum or classical messages backward in time
from the father to the daughter through this noisy P-CTC. They can adopt any strategy for communication
as long as they do not violate chronology when not invoking the noisy P-CTC.

The freedom for the father and the daughter to adopt any strategy without violating chronology brings forth
the following possibility. Since the daughter precedes the father in time, she is naturally able to signal to
him, most generally by storing certain quantum information in a noiseless quantum memory of an arbitrary
dimension and leaving the memory for him to retrieve in the future. Note that such a memory, which enables
signaling from the daughter to the father, combined with the noisy P-CTC from the father to daughter,
could incur a causal loop. However, grandfather-type paradoxes can be effectively circumvented within
the model of P-CTCs [11], guaranteeing that the setting we consider is well defined. In fact, the potential
formation of such a causal loop is what fundamentally distinguishes retrocausal communication from
conventional (i.e., forward-in-time) communication settings (such as unassisted classical [31, 32, 34, 36]
and quantum [33, 35, 38, 39, 84-87] communication, entanglement-assisted communication [37, 88, 89],
and nonsignaling-assisted communication [40, 41, 90, 91]), and it is the reason why a channel’s retrocausal
capacity can exceed its capacity in any conventional communication setting.

We now put the discussion in formal terms. As illustrated in Fig. S4, the father and the daughter’s strategy
is, in general, represented by a pair of channels, (Epp—4, D B il L) (with M = M ), corresponding to the
father’s encoding and the daughter’s decoding, respectively, where:

* M is the system storing the father’s message;
o M is the system storing the daughter’s recovery of the message;

* L is the noiseless quantum memory that the daughter leaves to the father.
The strategy operates as follows.

* Encoding. In the future, the father retrieves L (which was left by the daughter in the past), encodes his
message with the assistance of L by applying the channel E,/7—, 4, and feeds A into the entrance of the
noisy P-CTC.

* Decoding. In the past, the daughter receives B from the exit of the noisy P-CTC, decodes the message

by applying the channel D, _ - , and leaves L for the father to retrieve in the future.
Combining the strategy (Epr—a, Dy_, i7,) as described above with the noisy P-CTC represented by the

given completely positive map N4, 5, a transformation from M to M is realized, represented by a nonlinear
map M,, | - from Bgy to B, i, with R an arbitrary reference system, defined as follows:
Ta{Emr—aoDy_ 5 © Nassp}prul

TI‘[FA{SML_>A o DB—>1\7IL © NA—>B}[,0RM]] ’

My, i PRM P (S33)



FIG. S4. In retrocausal communication, a father in the future (i.e., the sender) is connected to his daughter in the past
(i.e., the receiver) by a noisy P-CTC represented by a completely positive map Na_, g (green). The father applies a
channel Epr1. 4 as his encoding (red), and the daughter applies a channel D, 17, as her decoding (blue). As part of
the strategy, the daughter can signal to the father via a noiseless quantum memory L.

FIG. S5. In forward-in-time communication assisted by a noiseless P-CTC, the sender in the past is connected to the
receiver in the future by a completely positive map N4, g, and the receiver is connected to the sender by a noiseless
P-CTC. This setting is mathematically equivalent to retrocausal communication (see Fig. S4).

where I'4 is the loop supermap defined in Eq. (S13).

Remark 2 (Forward-in-time communication assisted by a noiseless P-CTC). The setting of retrocausal
communication, where communication is conducted backward in time (from a sender in the future to a
receiver in the past), is equivalent to the setting where communication is conducted forward in time (from
a sender in the past to a receiver in the future) but assisted by a noiseless P-CTC from the receiver to the
sender (see Fig. S5). To see this, it follows from the cyclicity of noiseless P-CTCs (Lemma 2) that, for every
linear operator pry € Brpy with R a reference system,

Ta{€mr—ao Dy s © Nassp}lprul ~ T {Dy s © Nasp o Emr—altlpru]
Tr[Ca{Emr—a 0 Dy i, © Namsp}lorml]  Tr[To{Dy 5, © Nasp 0 Emroallorml]

Note that the map from pgy, to the right-hand side of Eq. (S34) precisely represents the transformation
from M to M resulting from adopting the strategy (Eyp—a, Dy_, j7,) in a setting where communication is
conducted forward in time through N4_, p and assisted by a noiseless P-CTC on L. Due to this equivalence, it
can clearly be recognized that, mathematically, retrocausal communication reduces to entanglement-assisted
communication [37, 88, 89] when L is only used for entanglement distribution, and it reduces to unassisted
communication [31-36, 38, 39, 84—87] when L is not utilized at all.

(S34)

Remark 3 (Axiomatic interpretation). The setting of retrocausal communication can also be understood
from an axiomatic perspective. Specifically, in any communication setting, the sender and the receiver’s

strategy can be interpreted as a bipartite channel ®, . -, where M and A are held by the sender and B and

M are held by the receiver (see, e.g., Ref. [41, Fig. 1] for an illustration). Communication through N4_,p by
adopting this strategy can then be understood as connecting the output A to the input Bof ®,,, . , = with
N p, resulting in a transformation from the sender’s message system M to the receiver’s recovery system
M. Then the following can be said.
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* In standard (i.e., chronology-respecting) quantum theory, to avoid the formation of a causal loop when
combining ®, . 5 with Ny, for all Ns—,p, a minimal constraint on the bipartite channel ®,,,
is that it should be nonsignaling from B to A. Under this constraint, combining ®, ., = with Ny_p

amounts to applying a superchannel to N4_,p [82, 92].

* In addition to the above, in conventional communication settings, to ensure that the strategy itself
does not introduce any communication resource from the sender to the receiver, it is also necessary
to require that the bipartite channel ®,,,  , - be nonsignaling from M to M. This renders © MB— AR
a two-way nonsignaling correlation and, if without further constraints, corresponds to the setting of
nonsignaling-assisted communication [40, 41, 90, 91]. As more restrictive settings than nonsignaling-
assisted communication, entanglement-assisted communication [37, 88, 89] corresponds to when
©,,5_ i 1s furthermore required to be realized by local operations and shared entanglement, and
unassisted communication [31-36, 38, 39, 84—87] corresponds to when © is realized by just

local operations.

MB—AM

* In the setting of retrocausal communication (or equivalently, communication assisted by a noiseless
P-CTC; see Remark 2 and Fig. S5) that we consider, the nonsignaling constraint from B to A on
0,5 447 18 released, which enables the possible formation of a causal loop and renders the strategy

indescribable by a superchannel; however, the nonsignaling constraint from M to M must be kept,
so that the strategy, despite its inclusiveness, does not introduce any communication resource from

the sender to the receiver. Note that the sole requirement of ®,,,  , = being nonsignaling from M
to M is equivalent to our assumption that the strategy can be decomposed into a pair of channels

(EmL—a, Z)B_)ML) with L a quantum memory, due to Ref. [93].

B. Retrocausal quantum communication

We first consider the case where the messages being transmitted are quantum. A quantum message can
be represented by a pure state gy, where R is an inaccessible reference system that purifies the message
system M. For a strategy (Epr—a, Dp_, 7, ) the fidelity of the daughter’s recovery of the message is given

by the overlap between ¢, - and the actual state of RM that she recovers, which by Eq. (S33) equals

Tr[wRMFA{SML_)A o Z)B—>A71L o NA—>B}[‘/’RM]]
Tr[Ta{Emr—a 0 Dy 5, © Nassp} [Wrml]

The worst-case quantum infidelity associated with the strategy is then given by

Ginfid ((EmL—a. Dy, 71 ) Nasp) =1 - dig\l F (W plvrm: (Emroa, Dy 5, )s Nassp),  (S36)
R 5
YRMEDRM :
rank (Y rap)=1

F(lﬁle//RM; (Emr—a. Dy ;) Nasp) = (S35)

which upper bounds the infidelity for all possible quantum messages.

The one-shot retrocausal quantum capacity of a completely positive map Na_,p € -Z4—,p within infidelity
€ € [0, 1] is defined as

OrroN) = sup  {logy d: ginfia((Emr—a Dy 3,)s Nawsp) < &} (S37)
dpr,dreN,
EML-AECUL-A,
Dy iiL€Cp 1
which quantifies the maximum number of qubits that can be transmitted within infidelity & from the father
to the daughter through the noisy P-CTC represented by N4_,5 under an encoding and decoding of their

choice.
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The asymptotic retrocausal quantum capacity of a completely positive map Na_p € Z4_p is defined as
Orero(N) = lel) h,gg}f Qretro (N®n) (S38)

which quantifies the maximum rate at which the number of reliably transmitted qubits increases with respect
to the number of parallel uses of the noisy P-CTC.

The error exponent of retrocausal quantum communication for a completely positive map Ny—p € LA p
at a transmission rate r € [0, o) is defined as

1
rem,Q(N) = llr?llcgf ) S(IIJII;]N {—; log, Qinﬁd((SML—mn, DBn_ML), (N®n)An_>Bn): dy > 2’"} ,
MAL 5
SML_”Qn E%JML—)AH )
Dyn_3iLECpn a7
(S39)

which quantifies the maximum rate at which the infidelity exponentially decays as the number of transmitted
qubits increases at rate r.

The strong-converse exponent of retrocausal quantum communication for a completely positive map
Na_sp € L4, p at a transmission rate r € [0, co) is defined as

retro ,Q (N )

1 1 1 n r
= hnm_iljp dM,lc?Lfe]N, {—r—llog2 (1 = ginfa ((Emr—am, Dga_ 71 )s (N®")ansprn)) + dpy = 2" } ,

EML-ANE€EC - an

Dn_ 571 €Cpn it

(S40)

which quantifies the minimum rate at which the infidelity exponentially approaches 1 as the number of
transmitted qubits increases at rate r.

C. Retrocausal classical communication

We now consider the case where the messages being transmitted are classical. A classical message m from
an alphabet of size dy, is represented by the classical state |m)m|,,;, with {|m)}i"i 0 !an orthonormal basis
of Hy,. For a strategy (Epr—a, Dy_, 57, )» the probability of the daughter correctly recovering the message

is given by the overlap between |m)m|; and the actual state of M that she recovers, which by Eq. (S33)
equals

Tr[|m)(m|A7[FA {SML_>A 0Dy i © NA—>B} [|m><m|M]]

Tr[Ca{Emrma 0 Dy_ i, © Nacp}ImXmly]]
The worst-case classical error probability associated with the strategy is then given by

Pr{m|m; (SML_,A,Z)B_)ML),NA_)B} = . (541)

Perror((Emr—a, Dy 55, ) Nasp) =1 - rrllgnPr{m|m; (Emr—a Dy jis)s Namsp} (542)

where the minimization is over all symbols in the alphabet. It upper bounds the error probability for all
possible classical messages.
The one-shot retrocausal classical capacity of a completely positive map Na—p € £ p within error
€ [0, 1] is defined as
retro(N) - sup {10g2 du: perror((aML—>A, DB—UV[L)’ NA—>B) = 8} > (543)
dM,dLGIN,

EML-AECM LA,
Dy i1 Cp it
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which quantifies the maximum number of qubits that can be transmitted within error & from the father to the
daughter through the noisy P-CTC represented by N4_,p under an encoding and decoding of their choice.
The asymptotic retrocausal classical capacity of a completely positive map Ny_p € £ p is defined as

. .1
Cretro(N) = gelf%fl) h,?l){Bf ;Cfetro(N(X)n), (S44)
which quantifies the maximum rate at which the number of reliably transmitted qubits increases with respect
to the number of parallel uses of the noisy P-CTC. It quantifies the maximum rate at which the number of
reliably transmitted classical bits increases with respect to the number of parallel uses of the noisy P-CTC.
The error exponent of retrocausal classical communication for a completely positive map Ny—p € Za—p
at a transmission rate r € [0, o) is defined as

.. 1
Erretro,C(N) = hy?l)lol;lf . Sflllpe]N {_; log, perror((SMLaA", DBH—>]\7IL)’ (N®n)An—>Bn) sdy > an} ,
m.dreN,
EmLan€Cp1an,
Dpn 511 Cpn it
(S45)

which quantifies the maximum rate at which the error probability exponentially decays as the number of
transmitted classical bits increases at rate r.

The strong-converse exponent of retrocausal classical communication for a completely positive map
Na_p € LA p at a transmission rate r € [0, o) is defined as

S;etro,C (N )

. . 1
:= lim sup inf {—— log, (1 = perror ((Emrz—am Dgu_,ji1 )5 (N®) anpn)) = dag > 2nr} ’
n— oo dyr,dreNN, n
SML_”Qn E%ML—)AH )

Dpn_571.€Cpnir

(S46)

which quantifies the minimum rate at which the error probability exponentially approaches 1 as the number
of transmitted classical bits increases at rate r.

V.  RETROCAUSAL QUANTUM CAPACITY

In this section, we precisely determine the one-shot retrocausal quantum capacity.

Theorem 1 (One-shot retrocausal quantum capacity). The one-shot retrocausal quantum capacity has a
closed-form expression in terms of the max- and Doeblin informations: for a completely positive map
Na_p € ZLa_p and a real number € € (0, 1),

Qrgetro(N) = 10g2 \‘\/1

where the max- and Doeblin informations are defined in Eqs. (S2) and (S3), respectively.

S Dl W) +aoeN) 41 (S47)
- &

Remark 4 (Efficient computability). Since the max- and Doeblin informations are both defined via semidef-
inite programs (SDPs) [see Egs. (S2b) and (S3b)], the one-shot retrocausal quantum capacity is efficiently
computable as a closed-form formula thereof.

In what follows, we prove Theorem 1 by first establishing the desired converse bound on the one-shot
retrocausal quantum capacity and then showing that it is achievable by construction. The basic idea of the
proof is similar to that of the results in Ref. [30].



12

A. Converse bound

As shown in the following lemma, if the father and the daughter were connected by a noisy P-CTC
represented by a replacement channel, then the resulting transformation from M to M is necessarily also a
replacement channel and thus useless for communication, regardless of the strategy they adopt. A similar
statement can be made for affine combinations of replacement channels as well.

Lemma 3 (Useless noisy P-CTC). For a strategy (Epyr—a, Dy_, j7,) and a unit-trace Hermitian operator
7 € aff (Zp), there exists another unit-trace Hermitian operator 1 € aff (Zy;) such that

1
—R" . (548)
di MM

FA{SML—M\ °Dp_,jiL © RTA—>B} =
Furthermore, if Tp is a state, then so is n i

Proof. Define a unit-trace Hermitian operator n; = D, _, = [7p]. Note that n; is a state if 7p is. Then it
follows from the definition of the loop supermap [Eq. (S13)] that, for every linear operator pgys € Brys,

Ta{EmroaoDy_ i o Ry st prm] = Traa [@anr (Emr—sao Dy, © R ) [orM ® Panl]

(849)

= Traa [Panr (Emr—a o Dy ;) [pru ® ar @ T8]]  (S50)
1

= ZTTA |74 (Emr—a o Dy 55,) [PrM ® T5]] (S51)
1

= gTrML Dy iz lorRM © T5]] (S52)
1

= 7PR® Dy [75] (853)
A

_ 1o
= gRMﬁM [orm], (S54)
which implies the desired statement. m|

We now prove the desired converse bound on the one-shot retrocausal quantum capacity.

Proposition 1 (Converse bound on retrocausal quantum capacity). For a completely positive map Ny_,p €
ZLa_p and a real number € € (0, 1),

Qfetro(N) < 10g2 \‘\/1 £ 21max(N)+Idoe(N) +11. (SSS)
Proof. Let (Eyp—a, Dy, 57,) be a strategy such that
infid ((Emr—a. Dy, i, )» Na—p) < €. (S56)

Let A, u € R be two real numbers, op € Zp a state, and 1 € aff (Zp) a unit-trace Hermitian operator, such
that
N R
Dy g < ADY, 5, (S57)
QR < pdl . (S58)
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Equation (S57) means that ARY  , — Na—p is a completely positive map, and therefore so is

Aa{Emr—ao Dy i, RS 5} —Ta{Emr—a o Dy 7, © Nassp}. This implies that

Ta{Emr—ao Dy s © NasspHPrrm] < ATa{Emr—a 0Dy 5, o R pHPwm] (S59)
A

= %RE_)M[@M’M] (560)
A

= d—zﬂ'Mr ®(,()M, (561)
A

where w ii € .@M is a state, whose existence i1s guaranteed by Lemma 3. Likewise, it follows from Eq. (S58)
that

HCa{EmL—a 0Dy ip © Nassp} [ Prrm] > Ta{Epr—n 0 Dy 7, 0 R HPwm] (S62)
L o
_ gRMHM[qu, W (S63)
1
= 7 ® N, (564)
A

where 175 € aff (Z;) is a unit-trace Hermitian operator, whose existence is guaranteed by Lemma 3. Then it
follows from Eq. (S56) that

1-&<1-qinia((Emr—a, Dy, 55;) NasB) (S65)
Tr[®,, i Ta{Emr—a 0 Dy_ i, © Nassp} [ Prrml]
Tr[Ca{Emr—a 0 Dy i1 © Namsp} [Paru] | (560)
< ATt | @y 7 (T @ @) | S67)
A2 Tr[Ta{Emroa © Dy ji; © Nasp Pl ]
A , (S68)

B A2, dATr[Ta{Emr—a 0 Dy_ i, © Nass} [ Purml]

where Eq. (S66) follows from Eqgs. (S36) and (S35) and choosing R = M’ and ¥gyr = @y Eq. (S67)
follows from Eq. (S61). Similarly,

pe 2 ugingia((Epr—a- Dy_,ji1)> NasB) (S69)
S HTr[(Ly 5 = o) Ta{8mioa 0 Dy gy © Nasp} [@arul] (S70)
- Tr[Ca{Emr—a 0 Dy 57, © Nacssp} [Prrm] ]
S Tr[(lM'M - @) (T ® ’719)] (S71)
~ dATe[TCa{Epmr—na 0 Dy 7, © Nassp} [ Puru] |
1 1
o e e s 72

where Eq. (S71) follows from Eq. (S64). Note that combining Eqs. (S68) and (S72) implies that

A
42, < 18 i, (S73)
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FIG. S6. The basic idea of amplified probabilistic quantum teleportation is to first perform probabilistic teleportation
from the father to the daughter, and then engineer a causal loop involving the noisy P-CTC such that it maximally
amplifies the renormalized probability of the teleportation being successful. The red and blue boxes encapsulate the
father’s encoding and the daughter’s decoding, respectively.

N —8/l'u +1
l-¢

Supremizing the left-hand side over every dy,d; € IN and every strategy (Epyr—a, Dy, 7, ) satisfying

Eq. (S56), and infimizing the right-hand side over every 4, u € R, o € Yp, and 15 € aff (Zp) satisfying

Eqgs. (S57) and (S58), the desired statement thus follows from the definitions of the one-shot retrocausal
quantum capacity and the max- and Doeblin informations [Eqgs. (S37), (S2), and (S3)]. O

which, due to dj; being an integer, further implies that

log, dy < log, . (S74)

B. Achievability

We now explicitly construct a strategy that saturates the converse bound derived in Proposition 1.
Strategy 1 (Amplified probabilistic quantum teleportation). The strategy operates as follows (see Fig. S6).

* Encoding. In the future, the father retrieves two quantum memories L; and L, (which were left by
Bella in the past) with L| = M and L, = B. He performs a measurement on M and L according to the
POVM (@1, Ly, — Pumr,), obtaining one of the two possible outcomes, k € {0, 1}. Conditioned on

k, he applies a channel ‘Kg)_) A € ©1,—4 to Ly. He then feeds A into the entrance of the noisy P-CTC.

* Decoding. In the past, the daughter receives B from the exit of the noisy P-CTC. She prepares a
standard maximally entangled state ® i L between M and L;, renames B as L,, and leaves both L and

L for the father to retrieve in the future. She then declares that M stores her recovery of the message.

The intuition behind Strategy 1 is as follows. Instead of trying to code his message into A which enters
the noisy P-CTC, the father intends to “teleport” [14] the message probabilistically to the daughter via L;.
Indeed, by probababilistic teleportation, whenever the father obtains the outcome k& = 0 after performing
the measurement on M L, what the daughter ends up with in Misa perfect recovery of the message in
M. However, the outcome k = 0 is not guaranteed to occur; in fact, it occurs only with probability 1/d2,,
or at least so without invoking the noisy P-CTC. Yet, as illustrated in Fig. S6, the remaining part of the
strategy engineers a causal loop solely consisting of the noisy P-CTC, represented by N4, g, and the channel

7(2’:)_) 4> conditioned on k € {0, 1}. Due to the nonlinearity of such a loop (specifically, its capability of

renormalizing the probabilities of certain events), the father can choose the two channels 7(8)_) 4 and 7(2)_) A
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in such a way that the renormalized probability of the event k = 0 is maximally amplified (or equivalently,
the renormalized probability of k = 1 is maximally diminished). If the renormalized probability of kK = 0
can be amplified to at least 1 — & for a message system M of dimension dy,, then log, djs qubits can indeed
be “teleported” from M to M via L, subject to a failure probability at most &, which upper bounds the
overall infidelity of communication.

We now formalize this analysis and show that Strategy 1 can indeed achieve the maximum possible
efficiency allowed by the converse bound established in Proposition 1.

Proposition 2 (Achievability of retrocausal quantum capacity). For a completely positive map Ny—p €
ZLr_p and a real number € € (0, 1),

Qfetro(N) 2 10g2 \‘\/1

Furthermore, the efficiency on the right-hand side of Eq. (S75) is achievable by Strategy 1 for some channels
x and kD

: (875)

E Dl (W) +Haoe(N) 4 1
- &

Lz—)A L2—>A
Proof. The encoding and decoding of Strategy 1 are represented by the following channels, respectively:
EmriL,-al] =Ty, [QML,WEZ)_)A [']] + Tryp, [(1ML| — Dyp,) 7(2)_% [']], (S76)
DB—>A7IL1L2['] = q)A7IL1 ®id3_>L2[-]. (S77)

Let Y gy be a pure state. Then it follows from the definition of the loop supermap [Eq. (S13)] that
FA{SML1L2—>A ° Dy i1, ° NA—>B} [Yrum]
= Traa [q)AA’ (8ML1L2—>A °o Dy iirL, ° NA—>B) [YrM ® q)AA’]] (S78)
= Tryr,aa0 [(CDMLl ® Dyp) ((Kz(a(iA o NA—>B) [lﬁRM @Dy, ® (DAA’”
+ Tryr,aa [((1ML1 —Dpr,) @ Pan) (7(1(31_)>A o NA—>B) [l//RM @Dy, ® (DAA’” (S79)

= %Tr[@AA' ((K)_SQ)A o NA—>B) [q)AA’]]¢RM

1
+ o Te| Qe (K5 © Nacss) [@an] | (5 Tow [wam] © 75 gz (S80)
M
Considering the fact that dZZWTrM [Wrm] ® g — i 2 0, it follows from Eq. (S35) that

1- F(@”RM“#RM, (SML1L2—>A7 DB—)MLle)’NA_)B)

Tr['vl’R]V]FA{SMLle—)A °o Dy i1, ° NA—>B} [‘ﬁRM]]

=1- (S81)

TI‘[FA{SMLILZ—M ° Dy i1, ° NA—»B} [l//RM]]

d%Tr[q)AA’ (7(1(;114 o NA—>B) [CDAA/]]
1- 2 - (S82)
%TT[QAA’ (7(1(;2/4 o NA—>B) [(DAA/]] + dgl_]z;lTr[q)AA’ (7(;1_)% ° NA—)B) [‘DAA']]

TT[CDAA/ (7(;0—)% ° NA—>B) [(DAA’]] B

(&%, - 1)Tr[cI>AA, ((K}BILA oNA_>B) [q)AA,]] s (S83)
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where Eq. (S82) follows from Eq. (S80). Since this holds for every pure state /gy, it follows from Eq. (S36)
that, as long as

Tr[<DAA' ('K,(;ZA o NA—>B) [q)AA’]] B

1 + 1 <e, (S84)
(d2,-1) Tr[q)AA’ (7(1(3_)>A o NA—>B) [(DAA’]]
we have that
Qinﬁd((aMLleeA,DB_)ML I ),NA—>B) =1-  inf F(lﬁRM‘lﬁRM; (SML]LQHsz)B_)ML L ),NA—>B)
172 YRMEDRM : 152

rank (Y ra)=1
(S85)
<e. (S86)

Since Eq. (S84) is equivalent to

sTr[dDAA/ (7(]2(214 o NA—)B) [(DAA’]]

da, < +1, (S87)
(1-¢) TI‘[(DAA’ (7(;1_))A o NA—>B) [q)AA’]]
by choosing
KO =arg  max  Tr[®an (Ko o Nasp) [@an]l, (S88)
Kp—a€CB-A
7(1(32 go=arg  min  Tr[®aa (Kp—a o Naop) [Paarll, (S89)
Kp-a€bp-a

which maximize the right-hand side of Eq. (S87), the following efficiency can be achieved within infidelity
€ (i.e., subject to Eq. (S86)) and is thus a lower bound on the one-shot retrocausal quantum capacity [see
Eq. (S37)]:

ETI[CDAAf (ng(iA o NA—>B) [q)AA’]]

(1-¢) TF[CDAA' (7(1(;1_),/4 ° NA—>B) [q)AA’]]

log, dy = log, +1 (S90)

o Tr[®ga (Kpoa o Nasp) [DPaar
= log, 8maX7fB_>Ae<éB_,A 1[Paa (Kp—a o Nasp) [Paar]] +1 (S91)
i (1 —&)ming, ey, Tr[Paar (Kp—a o Nasp) [Paarll
= 10g2 \/1 & 2 max (N)+laoe (N) 4 1| , (892)
—-&

where Eq. (S92) follows from the interpretation of the max- and Doeblin informations in terms of the
maximum and minimum achievable singlet fractions, respectively (Lemma 1), implying the desired statement.
]

Remark 5 (On infinite retrocausal quantum capacity). While the max-information of a completely positive
map is always finite, the Doeblin information can be infinite. As can be inferred from the proof of
Proposition 2, for a completely positive map whose Doeblin information is equal to infinity, its one-shot
retrocausal quantum capacity is equal to infinity for all € € [0, 1], including the zero-error case.

Combining Propositions 1 and 2 completes the proof of Theorem 1.
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C. Asymptotics

With the one-shot retrocausal quantum capacity determined, the asymptotic retrocausal quantum capacity
immediately follows.

Theorem 2 (Asymptotic retrocausal quantum capacity). The asymptotic retrocausal quantum capacity is
equal to one half of the sum of the max- and regularized Doeblin informations: for a completely positive
map Na—p € ZLs—p and a real number € € (0, 1),

1

1
Orero(N) = lim —0%y (N®") = 3 (Inax(N) + Igi (V) (893)

where the regularized Doeblin information is defined in Eq. (S9).

Proof. Since the max- and Doeblin informations are nonnegative, it follows from Theorem 1 that

Qrgetro(N) = 10g2 {\/1 £ max (N)+1aoe (N) 4 ]| (594)
< llogz ( € 2 max (N)+laoe (N) 1) (S95)
2 1-¢
1
< = log, (( + 1) 2Imax(N)+1doe(N)) (S96)
2 —-&
1

Due to the fact that [ Vx + 1] > %\/)7 for every nonnegative real number x € [0, c0), we also have that

Qfetro(N) = 10g2 \‘\/1 i ZlmaX(N)"'Idoe(N) +1 (898)
1 £
> 10g2 (5\/1 — 82[max(N)+[doe(N)) (899)
1 e
= E (ImaX(N) + Idoe(N) + 10g2 m) . (SIOO)

Combining Egs. (S97) and (S100), we have that, for every n € IN,

1 1
3 s V) + e ) + oy

1 & ®n
;l Qretro (N )

1
2n

IA

(Imax(N®n) + Ldoe (N®n) + log, ﬁ) . (S101)

Taking the limit n — oo, it follows from the additivity of the max-information [Eq. (S8)] and the definition
of the regularized Doeblin information [Eq. (S9)] that

1

1
Jim —0fo (N®") = 5 (Inax (N) + I,

5 ee(N)), (5102)

from which and the definition of the asymptotic retrocausal quantum capacity [Eq. (S38)] the desired
statement follows. O
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Remark 6 (Efficiently computable bounds). For quantum-to-classical completely positive maps (which
include measurement channels) and mictodiactic covariant completely positive maps (which include de-
polarizing channels), the Doeblin information is invariant under regularization [61, Theorem 3], and thus
the asymptotic retrocausal quantum capacity has a single-letter expression and is efficiently computable
via SDPs for such maps. While it is unknown whether the asymptotic retrocausal quantum capacity has a
single-letter expression for general completely positive maps, single-letter and SDP-computable bounds on
it from both sides can be established. Specifically, it follows from Theorem 2 and Eq. (S12) that

1 1
> (Imax(N) + laoe(N)) < Qretro(N) < 3 (Imax(N) + I£(N)) (S103)
where I (N) is defined in Eq. (S11).

Remark 7 (Second-order asymptotics). Equation (S101) implies that, for a completely positive map whose
regularized Doeblin information is equal to its Doeblin information (e.g., quantum-to-classical completely
positive maps and mictodiactic covariant completely positive maps), the second-order asymptotics of
retrocausal quantum communication becomes trivial. However, it is unclear to us whether nontrivial
second-order asymptotics exists for general completely positive maps.

D. Error exponent and strong-converse exponent

We now show that the error exponent and the strong-converse exponent of retrocausal quantum communi-
cation can also be determined based on the one-shot retrocausal quantum capacity.

Theorem 3 (Error exponent and strong-converse exponent of retrocausal quantum communication). For a
completely positive map Na—,p € Ls—p and a real number r € [0, o),

El 0 0N) = max {0, Inax (N) + Igo (N) = 2r}, (S104)
Stetro.q(N) = max {0,2r = Inax (N) = I3, (N)} . (S105)

Proof. Let (Eyp—a,Dy_,j7,) be a strategy. Let A, u € R be two real numbers, op € Zp a state, and
7 € aff(Zp) a unit-trace Hermitian operator satisfying Egs. (S57) and (S58). Comparing Egs. (S65) with
(S68) and Egs. (S69) with (S72), we have that

A
1 = Ginaa((Emr—a, Dy, 53, ) Nasp) < 2 T[T x Emrn o Dy oy o Nooo @] (S106)
1 1
Hetinta (s DB_)ML) Ni-s) 2 (1 - d_z) d> Tr[FA {8ML—>A oDy H;© NA—)B} [(I)M'M]] .

(S107)

Note that combining Eqgs. (S106) and (S107) implies that
ol (Evtt o Dy ) Na) = — L (S108)

- Ap+dy, -1

For a fixed djy, infimizing the left-hand side over every d; € IN and every strategy (Epyr—a, D Bosii L), and

supremizing the right-hand side over every 4, u € R, o € Zp, and 15 € aff (Ip) satisfying Eqgs. (S57) and
(S58), we have that

inf & D N Iy - $109
. . — >
L infia ((Emr—a. Dy, i1 )» Na—p) = T V) oo V) 5 2. — ( )
%MLHAECKMLHA’ M
€

B>MLSYB-ML
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Now consider the strategy (SMLILZ_,A,Z)B_)MLILZ) defined in Egs. (S76) and (S77). It follows from
Eq. (S83) that, for every pure state ¥ gy,

1 - F(lﬁRﬁ)'//RM; (SML1L2—>A’ DB—>A71L1L2)’ NA—>3)
TI‘[(I)AA/ (7(1(3_)% 0 NA—>B) [(DAA’]] B
< +1] . (S110)
(42, -1) Tr[CDAA/ (7(3_)% o NA—>B) [(DAA’]]

Supremizing the left-hand side over every dr € IN and every pure state /gy, and choosing the channels

7(;(2 4 and 7(1(;_)) 4 according to Eqgs. (S83) and (S89), it follows from Eq. (S36) that

Qinﬁd((SML1L2—>Aa DB—M?Lle)’ NA—>B)

Tr[(DAA’ (7(1(;_)% o NA—)B) [(DAA/]] B

(a3, 1) Tr[d)AA/ (7(3_)>A ° NA—>B) [(DAA’]]

IA

+1 (S111)

1
= Maxgcy ,yepa 11[Pan (Kpa © Nasp) [Pan]] +1 (S112)
(42, — 1) ming, e, Te[@anr (Kp—a 0 Nassp) [Panrl]
-1
1
— 2Imax(N)+Id0e(N) + 1 8113
o sity
a2 -1
- M , (S114)

21max(N)+Idoe(N) + dlz\l -1

where Eq. (S113) follows from the interpretation of the max- and Doeblin informations in terms of the
maximum and minimum achievable singlet fractions, respectively (Lemma 1). Combining Eqs. (S109) and
(S114), we have that

inf & D N dy ~ 1 S115
direl]N, Chnﬁd(( ML—A> B—>ML)’ A—)B) - 2Imax(N)+Idoe(N) +d2 _1 ( )
EML-ACCM LA, M
D, = €C,

B—-MLS®B->ML

Then it follows from the definition of the error exponent of retrocausal quantum communication [Eq. (S39)]
that

1 di, -1
= li - . > onr
retroQ(N) 7111—>n30 di,[ueplN { n 10g2 21max(N®n)+Idoe(N®") + d12\/1 -1 . dM a 2 } (8116)
1 22nr -1
- nh—>n;10 _;l 10g2 21max(N®n)+1doe(N®n) + 22nr — 1 (Sl 17)
= max {0, Imax(N) + I3, (N) = 2r}. (S118)

where Eq. (S118) follows from the additivity of the max-information [Eq. (S8)] and the definition of the
regularized Doeblin information [Eq. (S9)]. Likewise, it follows from the definition of the strong-converse
exponent of retrocausal quantum communication [Eq. (S40)] that

1 d%/[ -1 nr
retro Q(N) N rlll—>n30 d;,[nef {_]Tl logz (1 B 2Imax(N®n)+Idoe(N®n) + d[zw —_ 1) ) dM Z 2 (8119)
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1 2 Iinax (N®" ) +1a0e (N®")
= Jim - logy S N Vo 5 2 ] (5120)
= max {0,2r = Inax(N) = Igo. (N}, (S121)
which completes the proof of the desired statement. O

VI. RETROCAUSAL CLASSICAL CAPACITY

In this section, we precisely determine the one-shot retrocausal classical capacity. All proofs follow a
similar idea to their quantum counterparts.

Theorem 4 (One-shot retrocausal classical capacity). The one-shot retrocausal classical capacity has a
closed-form expression in terms of the max- and Doeblin informations: for a completely positive map
Na_p € ZLa_p and a real number € € (0, 1),

Cfetro(N) = 10g2 {1 i821max(N)+1doe(N) + 1J , (8122)

where the max- and Doeblin informations are defined in Egs. (S2) and (S3), respectively.

As in the quantum case, we prove Theorem 4 by first establishing the desired converse bound on the
one-shot retrocausal classical capacity and then showing that it is achievable by construction.

A. Converse bound

We now prove the desired converse bound on the one-shot retrocausal classical capacity.

Proposition 3 (Converse bound on retrocausal classical capacity). For a completely positive map Na—p €
ZLa_sp and a real number € € (0, 1),

Cuno(N) < logy | T2l N HasN) 1y | (S123)
Proof. Let (Eyp—a, Dy_, j7,) be a strategy such that
Perror((EMr—a. Dy i7;) Nasp) < . (S124)
It follows from Eqgs. (S42) and (S41) that, for every symbol m in the alphabet,
1-&<1-peror((Emr—a Dy, i) Na—) (S125)

- Tr[|mXm|GTa{Emr—a 0 Dy, © Nassp}[Im¥mly]]
B Tr[Ca{Emr—a 0 Dy 7, © Nassp}Im¥mly]]

, (S126)

which implies that

1—&<1=peror((Emr—a Dy, j7;)> NasB) (S127)
Zi"ial ﬁTI”“melMFA {Emr—n 0Dy o Nacsp}[Im¥m|y]]
Zfln“ial ﬁTr[FA {Emr—a 0Dy 0 Nacsp}Im¥m|y]]
_ Tr[Qy gTa{Emr—a 0 Dy_ gy 0 Namss} [ Yarml]
C Tr[Ta{&mioa 0 Dy g, 0 Nacss [ Yurml]

(S128)

) (S129)
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where the standard classically maximally correlated state Yy and the classical comparator Q, , - are
defined in Sec. I. Let 4, u € R be two real numbers, o € Zp a state, and 73 € aff(Zp) a unit-trace
Hermitian operator, such that

N < AR (S130)
QR < pdl . (S131)

Equation (S130) means that ARY_ , — Na—p is a completely positive map, and therefore so is
ATa{Emr—a° Dy i © RS 5} —~Ta{Emr—a o Dy 7, © Nassp}. This implies that

Ta{&mr—ao Dy iy © Nassp [ Ymrm] < ATa{Emr—n 0 Dy iy © RG_ s Ymrm] (S132)
A

= gREHM[YM’M] (S133)
A

= 3 ® wjj, (S134)
A

where w; € Z; is a state, whose existence is guaranteed by Lemma 3. Likewise, it follows from Eq. (S131)
that

tCa{Emr—n 0 Dy i o Nassp} [ Yrm] = Ta{Emr—a o Dy i o RE_pH Ymrm] (S135)
L on
= 2RV (S136)
1
= 3 @ 1, (S137)
A

where 175 € aff (Z;;) is a unit-trace Hermitian operator, whose existence is guaranteed by Lemma 3. Then it
follows from Eq. (S129) that

1= & <1 pesor((Emron Dy_ ) ) Nass) (S138)
Tr[QM,MFA {SML_,A 0Dy 5O NA—>B} [YM’M]]

(S139)
Tr[Ta{Emra 0 Dy, © Nassp} [ Yarm]|
ATr|Q, = ' ® W
<— r| i (7 ‘”M)] (S140)
d3Tr[Ca{mrn 0 Dy © Nawss} [Yarm]]
=— 4 , (S141)
deATr[FA{SML—)A o DB—)]VIL o NA—>B} [YM’M]]
where Eq. (S140) follows from Eq. (S134). Similarly, it follows from Eq. (S129) that
ue 2 /Jperror((SML—m, DB—M’/;L)’ NA—>B) (8142)
S uTe[(1,, 57— L) Ta{€mr—a o Dy iy © Nassp [ Y] | (S143)
B Tr[Ca{Emr—a 0 Dy 55, © Nacss} [Yarml]
Te[(1,,5 - Q=) (T ® 15
> — [ ( wii =~ Qriz) (T ®’7M)] (S144)
A Tr[Ta{Emr—a © Dy j5; © Nass [ Yarml]
1 1
=(1- — , (S145)
( dM) A2 Tr[Ta{Emr—a 0 Dy ;o Nasp} [ Yurml]
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FIG. S7. The basic idea of amplified probabilistic classical teleportation is to first perform a classical version of
probabilistic teleportation from the father to the daughter, and then engineer a causal loop involving the noisy P-CTC
such that it maximally amplifies the renormalized probability of the teleportation being successful. The red and blue
boxes encapsulate the father’s encoding and the daughter’s decoding, respectively.

where Eq. (S144) follows from Eq. (S137). Note that combining Eqgs. (S141) and (S145) implies that

dy < elu

+1, (S146)

— &

which, due to dj; being an integer, further implies that

edu

logszslogZL_g+l

) (S147)

Supremizing the left-hand side over every dy, d; € IN and every strategy (Epyr—a, Dy, 7, ) satisfying
Eq. (S124), and infimizing the right-hand side over every A, u € R, o € Y, and 15 € aff(Ip) satisfying
Egs. (S130) and (S131), the desired statement thus follows from the definitions of the one-shot retrocausal
classical capacity and the max- and Doeblin informations [Egs. (S43), (S2), and (S3)]. ]

B. Achievability

We now construct a strategy that saturates the converse bound derived in Proposition 3 by slightly adapting
Strategy 1.

Strategy 2 (Amplified probabilistic classical teleportation). The strategy operates as follows (see Fig. S7).

* Encoding. In the future, the father retrieves a classical memory L; and a quantum memory L; (both
of which were left by Bella in the past) with L; = M and L, = B. He reads the data [, in L; and
compares it with his message m. He sets k := 0 if m = [ and sets k := 1 otherwise. Conditioned on &,

he applies a channel K g)_) 4 € ©1L,—4 to Ly. He then feeds A into the entrance of the noisy P-CTC.

* Decoding. In the past, the daughter receives B from the exit of the noisy P-CTC. She generates a
symbol m from the alphabet uniformly at random, writes a copy of /; := m into L;, renames B as
L», and leaves both L; and L, for the father to retrieve in the future. She then declares that m is her
recovery of the message.

The intuition behind Strategy 2 is the same as that behind its quantum counterpart, Strategy 1. Instead of
trying to code his message into A which enters the noisy P-CTC, the father intends to “teleport” the message
probabilistically to the daughter via L1, using shared randomness. Indeed, whenever the father sets k = 0,
his message m has been found to be identical to the data /; in L, which is in turn identical to the daughter’s
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recovery m. This occurs with probability 1/dy; without invoking the noisy P-CTC. The noisy P-CTC and
the channels K 22)_) 4 and K g)_) 4 are then utilized in the same manner as in Strategy 1, to maximally amplify
the renormalized probability of the event k = 0.

We now formalize this analysis and show that Strategy 2 can indeed achieve the maximum possible
efficiency allowed by the converse bound established in Proposition 3.

Proposition 4 (Achievability of retrocausal classical capacity). For a completely positive map Na—p €
ZLa_sp and a real number € € (0, 1),

Cfetro(N) > logz {%ZImaX(N)+Idoe(N) + 1J . (5148)

Furthermore, the efficiency on the right-hand side of Eq. (S148) is achievable by Strategy 2 for some

channels (Kg)_) " and ‘Kg)_) n

Proof. The encoding and decoding of Strategy 2 are represented by the following channels, respectively:

Emr,—al] = Tryr, [QMLI?(S;)_»A[']] + Tryr, [(1ML1 - Qur,) (Kg)—m[]]’ (S149)
Dy iin, =Yy, ®idpop, [ (S150)

Let m be a symbol in the alphabet. Then it follows from the definition of the loop supermap [Eq. (S13)] that

FA{SML1L2—>A °Dp iiriL, © NA—»B} [[mXm|p]
= Traa [CDAA’ (SML1L2—>A ° Dy iirL, ° NA—>B) [ImXm|y ® (DAA’]] (S151)
= Truz,an | (Quz, @ ®aw) (K 0 Nas) [Im¥imly @ Y, @ D]

+ Trpyp, anr [((1ML1 — Qi) ® Pan) (7(;1_)% o NA—»B) [|m><m|M ® Y5, ® q)AA’” (S152)

= iTr[q)AA’ (W;‘ZA o NA—>B) [‘DAA']] |mXm| g
+ iTr[CDAA’ (52, 0 Nacos) [®anr]| (L = ImXom| ) (S153)
It follows from Eq. (S41) that
1- Pr{m‘m; (SML1L2—>A, Z)B_>A7[L1L2),NA—>B}

Te Il [ Em1114 © D i1, © Nacs | Im)omlyg]|

o (S154)
TT[FA{SML1L2—>A ° Dy _jirL, ° NA—>B} [|m><m|M]]
LTr[cp : (7(“’) oN, ) [® ']]
o @ an Kz, 4 0 Nasp) [®Paa $155)
ﬁTr[‘PAA' (‘KSZA o NA—>B) [(I)AA’]] + d?f_}\;lTr[q’AA’ (WEILA o NA—>B) [(I)AA’]]
Tr[‘I’AA' (WIQ,A o NA—>B) [cDAA’]] B
+1 , (§156)

(dy — 1) Tr[(DAA’ (7(;1_)>A ° NA—>B) [q)AA’]]
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where Eq. (S155) follows from Eq. (S153). Since this holds for every symbol m, it follows from Eq. (S42)
that, as long as

Tr[q)AA' ('KSZA o NA—>B) [q)AA’]] B

(dy —1) TT[CDAA' (7(1(;1_)% ° NA—>B) [q)AA’]]

+1| <e, (S157)

we have that

perror((aMLle—MaDB_,MLle),NA—)B) =1- minPr{m)m; (SML1L2—>A,DB_,MLILZ),NAHB} (S158)

m

<e. (5159)

Since Eq. (S157) is equivalent to

gTr[CDAA: (V(ng o NA_>B) [CDAA’]]

dy < . +1, (S160)
(1-¢) TI‘[(I)AA’ (7(1(3_))A o NA—>B) [‘DAA']]
by choosing
K =arg  max  Te[@ax (Kpoa o Nasss) [@anll, (S161)
Kp—a€CB-A
K =arg  min Tr[®ax (Ksoa o Nasp) [@an]l, (S162)
Kp-a€Cp-a

which maximize the right-hand side of Eq. (S160), the following efficiency can be achieved within error &
(i.e., subject to Eq. (S159)) and is thus a lower bound on the one-shot retrocausal classical capacity [see
Eq. (S43)]:

eTr[CDAA/ ((KI(;ZA o NA—>B) [(DAA’]]

(1= &) Tr[@an (K}, 0 Naos) [an]|

emaxg,  ,etp . 1T[Paar (Kp—a o Nap) [Paar]]

| (1 —g)ming, ,ex, , Tr[Pan (Kpoa o Nasp) [Paar]l

= log, | 2~ fngmaxW)”doe(N) +1, (S165)

log, dy = log, +1 (S163)

= log, +1 (S164)

where Eq. (S165) follows from the interpretation of the max- and Doeblin informations in terms of the
maximum and minimum achievable singlet fractions, respectively (Lemma 1), implying the desired statement.
O

Combining Propositions 3 and 4 completes the proof of Theorem 4.

C. Asymptotics

With the one-shot retrocausal classical capacity determined, the asymptotic retrocausal classical capacity
immediately follows.
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Theorem 5 (Asymptotic retrocausal classical capacity). The asymptotic retrocausal classical capacity
is equal to the sum of the max- and regularized Doeblin informations: for a completely positive map
Na_sp € La_p and a real number € € (0, 1),

.1 £ n 00
Crero(N) = nh—>nolo ;Qretro (N® ) = Imax(N) +1

doe

(N), (S166)

where the regularized Doeblin information is defined in Eq. (S9).

Proof. Since the max- and Doeblin informations are nonnegative, it follows from Theorem 4 that

CoanoN) = logy | - 2l (M) . 1] (S167)
< log, (—1 E ol N+ la(N) . ) (S168)
—&
< log, ((—1 T 1) 2 W80 (S169)
—-¢
1
= Imax(N) + Lgoe (N) + log, T2 (S170)
We also have that
C2 o (N) = log, {—1 E ol N+ lae(N) . | (S171)
—-¢
> 10g2 (1 € 21max(N)+1d0e(N)) (8172)
—-¢
e
= Imax(N) + Lgoe (N) + log, - (S173)
Combining Egs. (S170) and (S173), we have that, for every n € N,
1 1 1
— | Fmax (N®") + Taoe (N®") + log, -— 8) < —Craro (N (S174)
1
<1 (Imax(N@’”) L (N") + log; — fg) . (S179)

Taking the limit n — oo, it follows from the additivity of the max-information [Eq. (S8)] and the definition
of the regularized Doeblin information [Eq. (S9)] that

1
lim ;Cfetm (N®") = Inax (N) + I3, (N), (S176)

from which and the definition of the asymptotic retrocausal classical capacity [Eq. (S44)] the desired
statement follows. O

D. Error exponent and strong-converse exponent

We now show that the error exponent and the strong-converse exponent of retrocausal classical communi-
cation can also be determined based on the one-shot retrocausal classical capacity.

Theorem 6 (Error exponent and strong-converse exponent of retrocausal classical communication). For a
completely positive map Na—p € La—p and a real number r € [0, ),

ElocN) = max {0, Inax (N) + I3, (N) =1}, (S177)
S:etro,C(N) = max {0’ r— ImaX(N) - ISZC(N)} . (5178)
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Proof. Let (Eyp—a, Dy_,j7,) be a strategy. Let A, u € R be two real numbers, op € Zp a state, and
7p € aff (Zp) a unit-trace Hermitian operator satisfying Eqs. (S130) and (S131). Comparing Eqs. (S138)
with (S141) and Egs. (S142) with (S145), we have that

A
I—P ( Smr—a, D —M s Na—p) < , (5179)
error ( B ML) ) deiTr[rA{SML—)A OZ)B—>]\7L ONAHB}[YM’M]]
1 1
HMPerr I‘((SML—>A7'Z) M )’NA—’B) 2 (1 - _) .

erro B—-ML dM diTr[FA{SMLﬁAODBHMLONA_)B}[YM’M]]

(S180)
Note that combining Egs. (S179) and (S180) implies that

. P Neo)s du=1 S181
perror(( ML—A> B—>1\71L)’ A_>B) - ,llu + dM -1 ( )

For a fixed djy, infimizing the left-hand side over every d; € IN and every strategy (Epyp—a, D B—sii L), and
supremizing the right-hand side over every 4, u € R, op € Zp, and 75 € aff (Zp) satisfying Eqs. (S130)
and (S131), we have that

. dy —1
~ >
d?;]fl‘\l perror((aML—>A, DB—>ML)’NA—>B) = 21max(N)+1doe(N) 4 dM 1 . (8182)
EML-AECM LA,
Dy i1 €Cp L

Now consider the strategy (Epr,r,—4, Dp_, 55 L Lz) defined in Eqgs. (S149) and (S150). It follows from
Eq. (S156) that, for every symbol m in the alphabet,

TI[CI’AA' (Wé(iA o NA—>B) [‘I)AA']] B

(2, - 1) Tr[dDAA/ («;ZA o NA_>B) [@AA,]] i

1- Pr{m‘m; (8ML1L2—>A,DB_)MLILZ),NA—)B} <

(S183)

Supremizing the left-hand side over every dg € IN and every symbol m in the alphabet, and choosing the
channels K é(i 4 and 7(;1_1 , according to Egs. (S161) and (S162), it follows from Eq. (S42) that

pﬁl’ror((aMLleﬁAaDB_,MLILZ),NA—)B)
Tr[q)AA’ (WIE(ZA ° NA—>B) [q)AA']] B
= +1 (S184)
(dM - 1) TI‘[(DAA/ (7(1(31_))14 o NA—)B) [(I)AA/]]

_ ( maxg, ety L[ Paar (Kp—a o Nasp) [Paar]] +1 B (S185)
(dM - 1) minWBHAE({fBHA Tr[q)AA' («B%A © NA—)B) [q)AA’]]
-1
D b M) (S186)
dy —1
dy — 1
_ M (S187)

D Imax(N)+1aoe (N) 4 dM — 1’

where Eq. (S186) follows from the interpretation of the max- and Doeblin informations in terms of the
maximum and minimum achievable singlet fractions, respectively (Lemma 1). Combining Eqs. (S182) and
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(S187), we have that
dy -1
Zlmax(N)"'ldoe(N) + dM — 1

inf perror((gML—>A, DB_UQL),NA—)B) = (8188)
dLE]N,
EML-AECML-A,

Dy 51
Then it follows from the definition of the error exponent of retrocausal classical communication [Eq. (S45)]

that

: 1 dy -1
r — . nr
Erero.cN) = nh_>Holo dlswufm {_r_l log 2 lmax (N®")+1a0e (N®") 4 dp — 1 dy 22 } (S189)
. 1 2" — 1
- r111—>nc;lo _Z 10g2 Zlmax(N®n)+Idoe(N®n) + 2nr — 1 (8190)
= max {0, Imax (N) + I50.(N) = r} . (S191)

where Eq. (S191) follows from the additivity of the max-information [Eq. (S8)] and the definition of the
regularized Doeblin information [Eq. (S9)]. Likewise, it follows from the definition of the strong-converse
exponent of retrocausal classical communication [Eq. (S46)] that

Stetro.cN) = r111—>r£10 d}iwnef]N {—% log, (1 - 2]max(N®n)+Zf(;®}') T 1) cdy > 2’"} (S192)
1 zlmax(N®”)+Idoe(N®”)
B nh—>ngo _; log, Dmax(N®)+laoe (N®") 4 Dnr _ (S193)
= max {0,7 — Imax(N) = 5. (M)}, (S194)
which completes the proof of the desired statement. O

VII. EXAMPLES

In this section, we apply our results to some special classes of channels, and we numerically compare the
retrocausal capacity of these channels to their entanglement-assisted and unassisted capacities.

A. Depolarizing channels

D

wsa € Ga—a with parameter p € [0, 1] is defined as

A depolarizing channel D
DF =1 -p)idasa+pRy_,. (S195)

Since Z)i_) 4 1s a mictodiactic covariant channel, its regularized Doeblin information is equal to its Doeblin
information [61, Theorem 4], both of which are given by

[50.(D?) = lgoe (D?) (5196)
= jn}{{ {logyd: mar @4 <A((1 = p) Dara + pra ®7a)} (S197)

€
= —log, p, (S198)

where Eq. (S197) follows from Ref. [61, Lemma 3] and Eq. (S195). The max-information of Z)f;_) 4 1s equal
to [71, Eq. (66)]

Inax (D) = logy (1= p) % + p) (S199)
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1 2 T T T T
Retrocausal classical capacity
Entanglement-assisted classical capacity
10 (Unassisted) classical capacity i

Rate (bits per channel use)

0 0.2 0.4 0.6 0.8 1
Depolarizing parameter p

FIG. S8. For qubit depolarizing channels, the asymptotic retrocausal classical capacity, the asymptotic entanglement-
assisted classical capacity, and the asymptotic (unassisted) classical capacity are compared numerically as functions
of the depolarizing parameter p € [0, 1]. The asymptotic retrocausal classical capacity approaches co as p \ 0.

By Theorem 5, the asymptotic retrocausal classical capacity of Z)ﬁ_) 4 1s thus given by
Cretro(D”) = Imax(DP) + I35, (D) (5200)
= log, ((1 —p)dd+ p) ~log, p. (S201)
The asymptotic entanglement-assisted classical capacity of Z)ﬁ_) 4 1s equal to [37, Eq. (3)]

p(d3 -1 p(di -1
Cea(DP) = 210g, dA—hg( (22 )) - (;‘2 )10g2 (di— 1), (S202)
A A

where hy(x) = —xlog, x — (1 —x) log, (1 — x) is the binary entropy. The asymptotic (unassisted) classical
capacity of DF  is equal to [94, Theorem 1]

log, (da—1). (5203)

d d
C(Z)p):logsz—hz( paa )— Paa

ds+1 dsy+1

See Fig. S8 for a numerical comparison between the asymptotic retrocausal classical capacity, the asymptotic
entanglement-assisted classical capacity, and the asymptotic (unassisted) classical capacity of depolarizing
channels for when ds = 2.

B. Erasure channels
An erasure channel 8£_} 5 € Ga—p with Hp = Hx @ span(|e)) and parameter p € [0, 1] is defined as

& = (1-p)idasg +pRIKL (S204)
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where id4_5[-] = yda-l Tr[|jXil4(-)alliXj|g with {|i)}lfl:/*0_1 an orthonormal basis of H4. It follows from

i,j=0
Eq. (S11) that
28" = inf {logyd: - 108 <p @ T < ADG ) (S205)
TBEaﬂ‘("@B)
< inf {log, A: - ADGT < 7 @ |eXelp < ADG, (S206)
= inf {logz/lz T ® |eXelp < A ((1 ) Bup+ pra @ |e><e|3)} (5207)
= —log, p. (S208)
where @45 = (1/dy) Zl.d‘]‘?;é liXJjla ® |i)XJj|z- Now define the following channel:
da—1
Ppoal] = Z Tr[17Xilp (]I + 1) mod dsX(j + 1) mod dal, + Tr[leXelp ()plma.  (S209)
i,j=0

It follows from the interpretation of the Doeblin information in terms of the minimum achievable singlet
fraction (Lemma 1) that

Taoe(E7) = —210gy da —log,  min Tr[d)AA/ (7(3% o afHB) [@AA,]] (S210)
WB%AE%B*)A

> —2log, ds — log, Tr[qm, (soBﬁA o SLB) [chA,]] (S211)

= —2log, da —logy (pTr[®aar (ma ® mar)]) (S212)

= —log, p. (8213)

Combining Egs. (S208) and (S213), it follows from Eq. (S12) that

—1og, p < 14oe(EP) < I3 (EF) < [£(EF) < —log, p, (S214)

doe

which implies that

Lioc(E7) = I3 (EP) = Ix(EP) = ~log, p. (S215)
The max-information of 81’;_) g 1s equal to [71, Eq. (75)]
Inax (E7) = log, ((1 —p)dd+ p) . (S216)
By Theorem 5, the asymptotic retrocausal classical capacity of 811;_) p 18 thus given by
Cretro(E”) = Imax (EF) + I, (EP) (5217)
= log, ((1 —p)dd+ p) ~log, p. (S218)
The asymptotic entanglement-assisted classical capacity of 8/’;_) 5 18 equal to [37, p. 3083]
Cea(EP) =2(1-p)log,da. (S219)

The asymptotic (unassisted) classical capacity of Sf‘_) p 1s equal to [95]
C(&P)=(1-p)log,da. (S5220)

See Fig. S9 for a numerical comparison between the asymptotic retrocausal classical capacity, the asymptotic
entanglement-assisted classical capacity, and the asymptotic (unassisted) classical capacity of erasure
channels for when d4 = 2.



30

1 2 T T T T
Retrocausal classical capacity
Entanglement-assisted classical capacity
10 (Unassisted) classical capacity i

Rate (bits per channel use)
N

0 0.2 0.4 0.6 0.8 1
Erasure parameter p

FIG. S9. For qubit erasure channels, the asymptotic retrocausal classical capacity, the asymptotic entanglement-

assisted classical capacity, and the asymptotic (unassisted) classical capacity are compared numerically as functions
of the erasure parameter p € [0, 1]. The asymptotic retrocausal classical capacity approaches co as p \ 0.

C. Amplitude-damping channels
An amplitude-damping channel ﬂ;_} A € Ga—a with dy = 2 and parameter y € [0, 1] is defined as
A0 411 = (10X0Ls + VT =711X114) ()a (10XO0Ls +VT=711X1La) + 710X 114 () [1XOLs (S22D)

The Doeblin information of 5"(2_) 4 1s equal to [61, Lemma 9]

Lioe(A?) = 2 log, (1 - \/ﬂ) : (S222)
The max-information of A’ _ , is given by [71, Eq. (69)]
Inax (A7) = log, (2 (1 + \/ﬁ) - y) . (S223)
By Theorem 2, the asymptotic retrocausal quantum capacity of fﬂz_) 4 has the following lower bound:
Oretro (A”) = % (Tmax (AY) + Igo,(AY)) (5224)
> 2 (A7) + e ) (5229)

1
=5 (1og2 (2 (1 1 - y) - y) ~2log, (1 1= y)) . (5226)
The asymptotic entanglement-assisted quantum capacity of ﬂ/’;_) 4 1s equal to [96, Eq. (38)]

Ora(A) = max {ha() +ha((1=9) ) = ha(y )} (5227)

€[
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1 2 T T T T
Achievable rate for retrocausal quantum communication
Entanglement-assisted quantum capacity

10 (Unassisted) quantum capacity i

Rate (qubits per channel use)

0 0.2 0.4 0.6 0.8 1
Damping parameter ~y

FIG. S10. For amplitude-damping channels, an achievable asymptotic rate for retrocausal quantum communication,
the asymptotic entanglement-assisted quantum capacity, and the asymptotic (unassisted) quantum capacity are
compared numerically as functions of the damping parameter y € [0, 1]. The asymptotic retrocausal quantum capacity
approaches oo as y \ 0.

The asymptotic (unassisted) quantum capacity of &’(X_} 4 1s equal to [96, Eq. (36)]
Q(A) = max {ma((1-7)2) = ha(y)}. (5228)

See Fig. S10 for a numerical comparison between the achievable asymptotic rate for retrocausal quantum
communication in Eq. (§226), the asymptotic entanglement-assisted quantum capacity, and the asymptotic
(unassisted) quantum capacity of amplitude-damping channels.
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